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FOREMOIID 


The theory of t he  flow of gas i n  tubes i n  t h e  presence of heat 
t ransfer  i s  of great importance i n  several  branches of heat engineer
ing. The problem must be studied i n  order t o  solve many important 
technical  problems concerning gas turbines ,  j e t  engines, nuclear re 
actors ,  and so on. Here I consider some new methods of solving for t h e  
flow of gas i n  tubes i n  the  presence of heat t r ans fe r ;  one- and two-
dimensional models a r e  used. 

I n  sections 1-4 of chapter I dea l  b r i e f l y  with t h e  r e su l t s  
from the  one-dimensional theory th8.t a r e  required i n  later chapters. 
The one-dimensional theory i s  t o  be found expounded i n  more d e t a i l  i n  
specialized works such a s  [l, 3, 5 ,  391. 

Chapters I1 and I11 deal  i n  more d e t a i l  with planar f l o w  be
tween two p a r a l l e l  walls having symmetrical heating. 

Chapter I1 a l s o  gives the  method of calculat ion for  a c i rcu lar  
tube.  

Chapter I V  presents some r e s u l t s  of t h e  calculations.  

I n  every case where no special  comment i s  made, it i s  assumed 
t h a t  heat enters  t he  gas; t h e  methods given here cannot, i n  general, 
be used i f  t h e  gas loses  heat.  

Relationships fo r  t h e  axis  of t h e  tube a r e  used here together 
with in t eg ra l  relationships,  i n  which we have a difference from exis t 
ing in t eg ra l  methods. This makes possible a more detailed study of 
t he  behavior of t he  veloci ty  and temperature prof i les ;  here the  
ordinary power-law p ro f i l e s  a r e  characterized not only by the  powers but 
a l so  by the  curvature a t  t he  ax is .  Calculations carried out i n  t h i s  way 
have enabled me t o  derive some aspects of t he  behavior of t he  veloci ty  
and temperature p ro f i l e s  t h a t  a r e  essent ia l ly  undetectable by the  in
t e g r a l  methods. 

The MKS system of uni t s  (GOST 9867-61) i s  used; t h e  basic  
quant i t ies  a r e  t h e  meter, t he  kilogram (mass), t h e  second, and the  
OK. 


It i s  assumed tha t  the  reader i s  acquainted with engineering 
thermodynamics and with the  pr inciples  of boundary layer theory. 

A l l  t h e  calculations a r e  for  a i r ,  on the  assumption t h a t  k( the 
isentropy constant)  and t h e  heat capacity c

P a r e  independent of 
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temperature. 

The calculations i n  chapter I V  w e r e  performed with an electronic  
d i g i t a l  computer a t  t h e  I n s t i t u t e  of Cybernetics, Academy of Sciences, 
Ukrainian SSR. For t h i s  I a m  indebted t o  t h e  following of my colleagues 
there:  V. Ye.  Shamanskiy, Ye.  L. Yushchenko, V. I .  Khil'chenko, and 
I. S .  Markova. 

I a m  a l so  indebted t o  N. I. Pol'skiy, t h e  edi tor ,  and t o  M. M. 
Sidlyar and Ye.  P. Dyban, who read t h e  manuscripts, as w e l l  as t o  0. A .  
Gerashchenko ( I n s t i t u t e  of Thermal Power, Academy of Sciences, Ukrainian 
SSR) f o r  valuable comments. 
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NOMENCLClTURE 

Subsc r ip t s  

i n i t i a l  section 

f i n a l  section 

wall o f  channel 

ax i s  of channel 

mean-mass quant i t ies  

Quantities 

speed of sound, d s e c  

c r i t i c a l  speed, d s e c  

thermal capacity a t  constant pressure, J/kg-'K 

thermal capacity a t  constant volume, J/kg-'K 

hydraulic diameter of channel, m 

cross-sectional area of channel (m2 ) i n  chapter I; a parameter 
i n  chapters 1 1 - I V  

gas-dynamic function (reduced flow) 

mass flow of gas, kg/sec 


hal f  t h e  width of a plane-parallel  channel, m 


enthalpy, J/kg 

i sentropy parameter 


length of channel, m 


form parameter of t h e  retardation-temperature p r o f i l e  


Mach number 


veloci ty  coeff ic ient  (M* = w/a*) 


form parameter of veloci ty  p ro f i l e  


power, W 


pressure, N/m 2 

re tardat ion pressure, N/m2 

F'randtl number 

amount of heat, J/kg 
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q 


R 
Re 


S '  
h 

S 
W 

S t  

T 

U 

W 
1 


X 


Y 

Y 

cp 
X 
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P 

specif ic  thermal flux, J/m 2-sec 

gas constant, J/kg-'K 

Reynolds number 

heated perimeter, m 

w e t t e d  perimeter, m 

Stanton number 

temperature, OK 

lengthwise veloci ty  component, d s e c  

transverse veloci ty  component, d s e c  

r a t i o  of flow veloci ty  t o  l imiting veloci ty  

veloci ty  of one-dimensional flow, m/sec 


l imiting veloci ty  d s e c  


lengthwise coordinate, m 


transverse coordinate, m 


gas-dynamic function 


heat - trans fer f ac tor, J/m2 -sec-OK 


power i n  the  r e l a t ion  of viscosi ty  t o  temperature 

thickness of viscous sublayer, m 

Dorodnitsyn' s variable, m 

r a t i o  of 7 t o  t h e  value of t h i s  a t  t h e  axis ( H  = n/q) 

coeff ic ient  of turbulent t ransfer ,  N-sec/m2 

therma1 conductivity, J/m- s ec-OK 

dynamic viscosity,  N-sec/m2 


kine t ic  viscosity,  m2/sec 

gas-dynamic function 


re tardat ion temperature, OK 

l oca l  angle of widening of channel 
gas-dynamic function 

resis tance coeff ic ient  
dens it y  , kg/m 3 

gas-dynamic function 
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CHAFTER I 

ONE-DIMENSI ONAL THEORY 

Here I consider steady-state flows i n  channels subject t o  loss 
and t o  heat t r ans fe r  between walls and gas .  It i s  i n  every case assum
ed t h a t  t h e  gas does no external work. The speed of t h e  gas a t  t h e  
i n l e t  ( i n  the i n i t i a l  sect ion)  i s  taken t o  be subsonic i f  no special  
mention i s  made. The gas i s  assumed perfect ,  s o  a t  any point t h e  
pressure p, densi ty  p, and temperature T are related by t h e  equation 
of state: 

The mass of gas flowing through the cross-section (area F) i n  
a second i s  G = pwF, i n  which w i s  t h e  velocity.  G i s  constant a t  
a l l  points along the channel i n  t h e  steady state*: 

G = pwF = const. 

This i s  called t h e  equation of continuity.  

To (1.1)and ( 1 . 2 )  we must add re la t ions  fo r  the energy con
version and f o r  t h e  momentum. 

The energy equation i s  given by thermodynamics as 

dQ = d i  f d ($) , ( 1 . 3 )  

i n  which d$ i s  the heat entering the gas from outside, di and d ( 2 / 2 )  
being respectively the  changes i n  enthalpy and k ine t ic  energy fo r  an 

*Here and subsequently it i s  assumed t h a t  t he re  are no sources or 
sinks f o r  t h e  gas. 
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element of t he  gas*. 

The Ox ax i s  l i e s  along the  midline of t he  channel downstream; 
i = c T for  a perfect gas, and we assume t h a t  the  thermal capacity c 

P P 
i s  not dependent on T.  Then instead of (1.3) we have 

W e  introduce t h e  symbols 

P 

i n  which S i s  t h e  heated perimeter.
h 

We subs t i tu te  (1 .5)  and (1.6) i n t o  (1.4) t o  get 

dx Gc 
P 

H e r e  q i s  the  amount of heat entering the  gas every second through 
one square meter of t h e  heated surface; it i s  called t h e  spec i f ic  heat 

*Here i and Q r e l a t e  t o  1kg of gas. 
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flux. 

A l s o ,  0 i s  called t h e  retardat ion temperature. No heat t r ans fe r  
( q  = 0 )  implies 0 = constant from ( l .~) ,i . e . ,  eom (1.6) 

2 

0 = T + W = const. 


2c 
P 

This temperature i s  thus reached when the  veloci ty  f a l l s  t o  
zero i n  a flow t h a t  i s  isolated a s  far as energy i s  concerned. 

An inf lux of heat (q > 0)  causes t h i s  temperature t o  increase 
alon t h e  flow (d@/dx > 0), while heat loss (q < 0)  implies a fa l l  
(d@/% < 0). 

The system represented by (l.l), (1.2), (1.6), and (1.7)i s  
closed by adding the  equation f o r  t he  momentum ( the  general Bernoulli 
equation ): 

1 dP dw W
2 

+ w - +  c -= 0, 

P d x  dx 2D 

which r e l a t e s  t h e  pressure p t o  the  speed w; here D i s  t h e  hyc'raulic 
diameter of the  channel: 

4FD = - .  (1.9)
S 

W 

The quantity 6 i s  an in t eg ra l  charac te r i s t ic  dependent mainly 
on Re, apar t  flrom several  other fac tors .  There i s  l i t t l e  experimental 
evidence on the  precise  r e l a t ion  of t o  heat- t ransfer  conditions, 
surface roughness, and so on, so  it i s  often assumed (especial ly  fo r  
rough calculat ions)  t h a t  b: i s  constant a t  all points,  some mean value 
being taken. 
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The system consisting of (l.l), (1.2), (1.6), (1.7), and (1.8) 
contains the  f ive unknowns T, p, p w, and 0. It i s  assumed tha t  G 
and c are known constants. 

P 

Also, it i s  assumed t h a t  q, t h e  cross-sectional area F, and 

the  heated and wetted perimeters S
h 

and S 
w 

a r e  known functions of x*, 

s o  (1.7) gives d i r e c t l y  0 fo r  any point i n  t h e  channel as 

X 

n 

o = - J q S d x + @ .  (1.10)
Gc h C 

P O  

The remaining four equations are conveniently reduced t o  one 
i n  the  unknown 

This M i s  t h e  Mach number. For a perfect gas 

a 2 
= kRT, (1.11) 

i n  which 

m e  quantity ac tua l ly  given i s  often T
0 
(wall temperature) ra ther  

than q. Then we need t o  know a -her experimental coeff ic ient  i n  
t he  one-dimensional theory apart *om c ,  namely t h e  heat-transfer 
factor  CY,which i s  related t o  q by q = a ( T  - 0 ). 
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“pk = - ,  

C v 


so 

2
2 w 

(1.12) 


We use 

to f ind t h a t  

k 
c = - R.P k - 1  

I n  place of (1.6) we have 

(1.14) 

2 k R  

and so *om (1.12) 

0 k - 1- = 1 + - M .
T 2 

W e  use (1.1)and (1.12) t o  put (1.8) i n  t h e  form 

kM2 dw kM21dp + - - + c - - - 0. (1.16) 
p dx w dx 2D 



- - - - -  

-- 

-- - -  - -  
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Taking logarithms of (1.1)and different ia t ing,  we have 

1dp 1dT 1dp
- + - - .  

p dx T dx p dx 

Similarly *om (1.2) 

1 dP 1dw 1dF 
( 1.18) 

P dx w dx F dx 

(1.12) gives 

1dT 2 dw 1 dM2 
- e- (1.19)


T dx w dx M2 dx 

Substi tuting (1.18) and (1.19) i n t o  (1.171,we have 

(1.20) 

Substi tuting (1.20) i n t o  (1.16) we have 

1+ kM2 dw 1 dM2 &M2 1dF 
- + -- -- = 0. (1.21) 

w dx M2 dx 2D F dx 

-om (1.12) and (1.15) we have 
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w 2 =kRO M2 , 
k - 1  

1+- M2 
2 

so 

1dw 1 do 1 -
+ (1.22) 

w dx 20 dx a2(1 + kL 
2 

This value for (dw/dx)/w i s  subst i tuted i n t o  (1.21) t o  give 

1 - M  2 dM2 1+ kM2 dO 
2 

- =  - 3.5 kM-- -1dF (1.23) 
2M2 (1 + k-lM2 ) dx 20 dx 2D F dx 

2 

T i s  found f r o m  (1.15) a q e r  t h i s  equation has been integrated; 
w i s  found from (1.12), and p and p from (1.1)and (1.2) as 

GWp = - , P =  _E (1.24) 
wF RT 

A scale of measurement f o r  t h e  speed sometimes more convenient 
than t h e  speed of sound i s  t h e  c r i t i c a l  speed, which i s  t h e  flow veloci ty  
equal t o  t h e  l o c a l  speed of sound, which i s  usual ly  denoted by a*. 

From (1.1)and (1.14) we have 

Putting here w = a = a*' we have 



a 
2 

= - a RO. 
* k + l  

The cr i t ical .  speed is  constant i n  a flow isolated as regards 
energy. I n  general, t h i s  speed varies from one cross-section t o  another 
i n  accordance with t h e  var ia t ion i n  0, as (1.25) shows. 

W e  introduce t h e  symbol 

w2 k + l w2 
(1.26)M = - = - - a  

* a2* 2 k ~  o 

From (1.14) and (1.26) we have 

From (1.15) and (1.27)we have t h e  re la t ion  of M t o  M*: 

M2 
= -

2 (1.28) 

W e  subs t i tu te  t h e  M
2 of (1.28) i n t o  (1.23) t o  get 

I 
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T i s  determined *om (1.27) after (1.29) has been integrated; 
w is  found from (1.26)? and t h e  pressure and densi ty  from (1.24). 

It i s  of ten convenient t o  use t h e  retardat ion pressure a s  well 
as t h e  retardat ion temperature; t h i s  i s  given by t h e  adiabat ic  equa
t i o n  

so from (1.15) 

k-
k - 1M2 ) k-1 
2 ? 

and *om (1.25) 

"=(I--

P 


Pressure p takes the  value P when the  speed of  an isentropic  
flow falls t o  zero. 

The f'unctions 

T = l - Mk - 1  2 = 1
* ?

k + l  1+k - l M 2  

k 
k-l 

l l = T  
? (1.33) 



are re spec t ive ly the  r a t i o  of the  temperature t o  @ and t h e  r a t i o  of  t h e  
pressure t o  P; these and some other functions (which are called gas-
dynamic ones ) have been tabulated, which often f a c i l i t a t e s  calculations*. 

W e  introduce two fur ther  gas-dynamic functions t h a t  w i l l  be 
needed subsequently; they are convenient i n  calculations re la t ing  t o  
t h e  flow r a t e  G. 

so, f r o m  (1.26), (1.271, and (1.32) 

Expressing p i n  terms of  P, we have from (1.31)-(1.33) t h a t  

(1.35 ) shows t h a t  G/F ( f l o w  per unit  a r ea )  has a maximum f o r  M* = 

= 1for any fixed P and 0; t h i s  i s  termed the  c r i t i c a l  flow and i s  denoted 
by (dF),.from (1.35) 

Wables of these functions are t o  be found i n  [14, 161, fo r  example. 
Appendix I11 gives t ab le s  of these f'unctions for  a i r  (k = 1.4). 
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-1 
k-1 

The r a t i o  

-1 -1 
G k+l k-1 k-1 

g = -F : ($)+ = (T) M,, (l- k+ 1 ) 0 . 3 6 )k-l 

i s  cal led the referred (reduced) flow rate3t. 

Then from (1.35) we have 

i n  which 

For  air (k = 1.4, R = 288 J/kg-OK) we have j = 0.0404. 

The flow r a t e  i s  expressed i n  terms of P i n  (1.37); it i s  often 
desirable t o  have it expressed i n  terms of p. 

W e  introduce the function 

*This i s  usually denoted by q i n  gas dynamics, but here q represents 
the spec i f ic  heat flux. 



and get  from (1.34) t h a t  

G =  j EY.
P 

Equations (1.23) and (1.29) enable us t o  es tab l i sh  t h e  e f f ec t s  
of f r i c t ion ,  channel configuration, and heat inflow on M and M3e. 

Analogous equations f o r  the velocity,  temperature, pressure, 
and density a re  a lso of value. From (1.22) and (1.23) we have 

From (1.16) and (1.40) 

From (1.18) and (1.40) 

From (1.10) and (1.40) 



II IIIIIIII I 

1 - $ d T  2 f (k - 1) M? d0- +  
20 dx 

To conclude, we f ind  the r e l a t ion  between the change i n  p, the 
r a t e  of inf lux of heat, and 5 .  From (1.30) 

This value of (dp/dx)/p i s  subst i tuted i n t o  (1.16); (1.22) i s  used 
t o  give 

This shows that P decreases as x increases i n  ad ia t i c  processes 
( d @ / d x  = 0) and i n  ones involving inf lux  of heat (d@/dx > 0) .  

The r a t e  of decrease of P f o r  a given M i s  dependent on the  
heat inf lux (dddx) and the r a t e  of production of heat by f r i c t i o n
( c ) .  

This means t h a t  the var ia t ion  i n  P may serve as a measure of 
the l o s s  i n  processes of heat influx. 



2. 	 Qual i ta t ive  Analysis: Principle of Reversal of 
Action and Flow C r i s i s  

The following relat ionships  are  derived by a qua l i ta t ive  d is 
cussion of the equations. F i r s t l y ,  T/@ 2 0, s o  (1.27) implies t h a t  

so w2 s w 2 
= 

2 
1 

a+(k + l ) / ( k  - 1), i n  which w
1 

i s  the l i m i t i n g  velocity.  

From (1.25) we have 

2 2kw =  -R@.
k - 1  

The speed a t  any point cannot be higher than the w1 corre

sponding t o  t h a t  point. 

The l imiting speed var ies  from section t o  sect ion when there 
i s  heat t ransfer ,  on account of the change i n  0, as i n  the case of 
the c r i t i c a l  speed; w1 i s  constant i n  a flow i so la ted  from energy 

t ransfer  and serves (together with the c r i t i c a l  speed) as a convenient 
scale for the  speeds. 

We put 

From (1.45), (1.46), and (1.26) we have a rela-,on of V t o  

V = - 	k - l M $  
k +  1 
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(1.27) and (1.47) imply t h a t  V-, 1 f o r  T-+0, so it i s  impossible 
t o  s t t a i n  $he l imit ing speed. 

V2 = 1corresponds t o  M g  = (k  + l ) / ( k  - 1) > 1, s o  it i s  possible 
t o  approach the  l imi t ing  speed only when the flow speed exceeds the loca l  
speed of sound. The t r ans i t i on  through the  speed of sound can be examined 
from (1.23). This shows t h a t  f r i c t i o n  ( 5  > 0) ,  heat  in f lux  (do/& > 0),  
and reduction i n  cross-section (dF/dx < 0) cause M t o  r i s e  i f  M < 1, where
as these fac tors  have the opposite effect  if M >l. Similar deductions can 
be drawn about the speed, density, pressure, and temperature from (1.40)
(1.43). This i s  known as the pr inciple  of reversal  of act ion [4]. 

Now we consider i n  more d e t a i l  the e f fec ts  associated with the two types 
of var ia t ion.  W e  assume t h a t  M < 1 and t h a t  the over-all  act ion i s  posi t ive 
near the i n l e t :  

1 +kM2 	d 0  kM2 1 d F- +(- - > o *  (1.48)
20 dx 2D F d x  

(1.23) implies t h a t  M must increase with x near the i n l e t .  

There a re  several  possible cases, which d i f f e r  as regards the l a t e r  
behavior of the over-all  action. 

A. The over-all  act ion becomes zero a t  x = x ' ,  a f t e r  which it becomes 
and remains negative. 

If MI = M l x = X ~ 4  1, we have M m a x i m a l  ( M ' )  a t  x = x ' ,  there being a de

crease f o r  la rger  x (curve l of Fig. l). 

B. M = 1at  x = x", and the over-all  act ion becomes and remains negative. 
Then M > 1 for x > x", so  the speed increases from subsonic t o  supersonic (curve 
2 of Fig. 1). 

k + l  2 dF 
- - + ,  -- 0 ,  (1.49) 
' d x D  F d x  

C.  If the  over-all  act ion i s  everywhere posi t ive,  we have M-, 1possible 
only f o r  dM/dx + + OD (curve 3 of Fig. 1). 

If M-+ 1 a t  a f i n i t e  distance x = XI'' from the input, the flow cannot extend 
continuously i n  the channel; i f  M were subsequently t o  decrease, we would have 

dM2/dx < 0, s o  we would have M2 < 1, and s o  
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1 - 3 > 0. If M were subsequently t o  increase, we would have 

&/dx > 0 ,  3 > 1, and 1 - I? < 0. In  both cases (1- $)(dJ?/dx) 
i s  negative, although the over-al l  action i s  posi t ive,  which from 
(1.23) conf l ic t s  with the  assumed condition. 

This impossibil i ty of continuous extension i s  termed flow 
c r i s i s .  

( l .k ) - (1.43) show t h a t  dw/dx + + OD as w e l l  as dM/dx + + m 

when the c r i s i s  occurs, and a l so  dp/dx -.t - m, d p / d x  + - a, and 
dT/dx + - a. 

This means t h a t  there  i s  a very rapid r i s e  i n  M and i n  the 
speed near the crisis point,  together with very rapid fa l ls  i n  
pressure, density, and temperature. These e f f ec t s  have repeatedly 
been observed f o r  gas flows i n  tubes [6,31,56]. 

On t h i s  basis we a s s u e  t h a t  c r i s i s  can occur i n  channels of 
f ixed cross-section subject t o  heat influx. 

Fig. 1. 

Variation i n  M along the channel 
f o r  various types of over-al l  
action: 1) speed nowhere equals 
exceeds t h a t  of sound, over-:ll 
act ion changes s ign at  x = x ; 
2) 	speed a t t a i n s  loca l  speed of 
sound a t  x = xN, where over-al l  
act ion changes sign; 3 )  over-al l  
act ion always posit ive,  c r i s i s  
occurs a t  x = x’”. 

or  
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W e  now consider some par t icu lar  cases. 

3 .  Adiabatic Flows 

Subsonic-Supersonic Transition and Condition f o r  Crisis 

An  adiabatic flow implies no heat t ransfer  between gas and 
w a l l  (dO/dx = 0) .  

(1.48) implies that a subsonic flow w i l l  accelerate if 

so  the channel may narrow or may widen gradually. 

The point a t  which the  speed of sound i s  reached i s  of in te res t ;  
(1.49) gives t h a t  a t  t h i s  point 

The loca l  angle of divergence of the  channel [g]  i s  

i n  which Sw i s  the wetted perimeter. 
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By def ini t ion,  the hydraulic diameter i s  

so 

and at  the point of t r ans i t i on  we must have 

k6t a n X =  
2 8 

5 i s  usually f a i r l y  s m a l l ,  s o  the t r ans i t i on  occurs i n  a past  
of the  channel where the widening i s  rather gradual. 

The condition f o r  onset of c r i s i s  i n  a subsonic flow i s  as 
follows. The condition (sect ion 2) is  tha t  we have a t  some f i n i t e  
distance 

ld 1 d ; F
5 - - - - > O  

2D F dx 

f o r  M close t o  one, including M = 1. 

Flow i n  a Channel of Constant Cross-Section 

I n  t h i s  case aF/dx = 0, so  the  above inequality is  bound t o  
apply (since 6 > 0 )  , and c r i s i s  can occur. 



-- 
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W e  put i n  (1.29) t h a t  

m do 
---- 0, 5 = constant, 

ax ax 

and after integrat ion get  

i n  which 

Flow with M = constant 

I n  t h i s  case 0 = constant and M = constant together; (1.23)
shows t h a t  we can have M = constant i f  

or, i n  terms of the loca l  angle of taper  (widening), 

tan-=(o L5k.&-
2 8 

so the channel must widen slowly f o r  such a flow. 
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4. Flows with Heat Transfer 

Flow with M = constant and F = constant 

Such a flow can occur [ 28 ] ;  (1.23) readi ly  shows t h a t  

- - _1 dO 6 d-
O dx D 1 +  ?&I2 

s o  with 5 = constant we have 

1 


so 0 -, 0 f o r  x -, 03. 

Now (1.15) gives T/0  = constant, so T -, 0 and hence, from (l..14), 
w 4 0 .  In  t h i s  case the flow speed and the l imit ing speed both ap
proach zero. 

Isothermal Flow i n  a Channel of Constant Cross-Section 

Here dT/dx = di?/dx = 0, so from (1.43) we have 

2 4 
2 + ( k - l ) M  d@ k - 1  kM 

(1 - - =  -5 -. 
20 ax 2 D 

Then f o r  I!?< l / k  the gas must be heated t o  keep the flow 
isothermal (d@/dx > 0);  (1.23) indicates t h a t  M then increases, and 
the heat in f lux  m u s t  increase with M, with f i n a l l y  d d d x  -, a as 
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M? -, l/k, so q 

This means t h a t  an isothermal flow with F = cons tmt  i s  pos

2
s i b l e  only f o r  M < l /k  [25,27]. 

Flow i n  a Channel of Constant Cross-Section without Loss 

This case ( 5  = 0)  i s  of some theo re t i ca l  i n t e re s t ;  (1.29) i s  
then readi ly  integrated t o  give 

0. i s  the degree of heating (degree of increase i n  the retardat ion04, 

temperature); (1.52) shows t h a t  it i s  dependent only on M+i and M,

"f 


f o r  5 = 0, s o  M,e ( e x i t  value) i s  uniquely determined by M*i 
(input 


value) and by 0 0. no matter what the mode of inf lux of heat.
fL 

Flow i n  a Channel of Constant Cross-Section with Loss, and 
I n f l u x  of Heat a t  I n l e t  and Outlet 

The e f fec ts  become more complicated when f r i c t i o n a l  loss 
occurs, pa r t ly  because MSf i s  now dependent on 5 as well  as on M,,.

'C1 

and 040i, and par t ly  because 4,i s  dependent on the mode of in'f 

f lux ,  as (1.29) shows. The e f f ec t  of the l a t t e r  may be evaluated 
by reference t o  two l imit ing cases: inf lux of heat a t  i n l e t  and 
out le t .  



W e  assume that the channel i s  extended f o r  some distance beyond 
the i n l e t  and ou t l e t  sections,  but i n  these idealized par t s  there  i s  
no f r i c t ion .  W e  say t h a t  there  i s  heat inf lux a t  the  i n l e t  if a l l  
the heat en ters  i n  the idealized section preceding the  in l e t ;  and 
similaxly f o r  the out le t .  

IHeat inf lux a t  the i n l e t  causes t o  rise from hi t o  M.,cir 

the  l a t t e r  being re la ted  t o  the degree of heating and t o  Giby 

(1.52) : 

The subsequent flow involves no heat t ransfer ,  s o  from (1.50) 

i n  which fi i s  the length of the channel referred t o  the  hydraulic 
d i m et e r  . 

Heat inf lux at  the ou t l e t  causes the speed t o  r i s e  adiabat ical ly  
from Ma+ t o  M:T i n  accordance with

i 

Further increase i n  speed r e su l t s  so le ly  from the inf lux  of heat, 
f o r  which 

I 

f 
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Figure 2 shows 0 0. as a function of M,,"f f o r  the above two 
J l  

cases f o r  &bi = 0.2 and cf, = 1. The difference between the two i s  

considerable, and it increases with M+Y' 

Fig. 2 .  

Relation of f o r  a channel 

of constant cross-section t o
M..f f o r  hi= 0.2 and 6L = 1; 

heat inf lux at: 1) i n l e t ;  
2) ou t le t .  

Figure 2 shows t h a t  inf lux a t  the i n l e t  may give M+:T much 

greater  than t h a t  f o r  influx at  the ou t l e t  f o r  the given 5: and M+5i. 



@ -For instance, f o r  0d,= 4.85 we  have M 
'Y 

as  unity i n  the f irst  

case but l e s s  than 0.6 i n  the second; the reason is  as fol lows.  I n  
the f i r s t  case the f r i c t i o n  begins t o  have an e f f ec t  a t  the f a i r l y  
high Qbresu l t ing  from the heating, so, even if it is  s m a l l ,  it can 
r a i s e  M, t o  one. I n  the second case the f r i c t i o n  ac ts  w h i l e  &e i s  
small and so gives no subs tan t ia l  rise i n  M+*; hence heating cannot 
give the r e s u l t s  obtained i n  the f irst  case. 

Flow i n  a Channel of Constant Cross-Section, Heat 
Influx along Entire Length 

A simplified r e l a t i o n  of the degree of heating t o  hi,M;bf,  

and 5 is  needed f o r  some general purposes, such as those dea l t  with 
i n  section 5. This r e l a t ion  should correspond t o  some average type 
of heat i n f l u x  intermediate between the above two cases. 

This r e l a t ion  i s  readi ly  derived as follows. 

From (1.29) with dF/dx = 0 we have 

Here the preexponential f ac to r  i s  the degree of heating found 
f r o m  (1.29) f o r  I: = 0 f o r  the same M and %. 

A n  approximate value for the in t eg ra l  may [I61 be found as 
follows. 

We have from (1.29) with 5 = 0 and dF/dx = 0 that 



or 


i n  which x(&) i s  given by (1.51). Then 

W e  ex t rac t  the mean value of dx/d(x/L) from the  in t eg ra l  and replace 
it by x(Mw) - X(MSi) t o  ge t  

This i s  subst i tuted in to  (1.57) t o  give 



This reduces t o  known relationships i n  two l imit ing cases: 
when O / O  = 1 (no heat t ransfer )  it becomes (1.50), a.nd when 6 = 0 

f i  
(no f r i c t i o n )  it becomes (1.52). 

7 


6 


5 
4 


3 


2 
I 
0,2 44 0.6 0.6 .O 

M D f  

Fig. 3 .  

Comparison of degrees of heating 
f o r  M+. = 0.2: 1) and I) from 

1 


(1.58); 2)  and 11) haU the sum 
(1.53) and (1.56). 6f;asof 


foiiows: 1) =a 2) 0.25; I) 

and 11) 5. 


Figure 3 shows how 0 0 as given by (1.58)d i  
the sum of the values given by the above two cases; 
f o r  M2,. = 0.2.

‘9 

The agreement is good, s o  (1.58) gives OJO
~i 

between the values f o r  influx at i n l e t  and out le t .  

d i f f e r s  from half 

the values a re  

intermediate 

Flow i n  a Widening Channel f o r  M = constant 

(1.23) with M = constant gives us the r e l a t ion  between r a t e  of 
increase of area, temperature, and resistance: 



A channel of reasonable length should not diverge rapidly f o r  
reasonably s m a l l  M and not very large degrees of heating. 

The loca l  angle of divergence 9 may be used t o  characterize 
the widening (sect ion 3 ) ;  t h i s  i s  given by 

cp Dtan-= - -.e (1.60)
2 4F dx 

(1.59) with M su f f i c i en t ly  small gives 

(1.61) 


so 

(1.62) 


Here cpm i s  the mean value of cp; D.m i s  a value of D intermediate 

between those for the i n l e t  and out le t .  

0.  < 4 and L/DThis r e l a t ion  shows t h a t  f o r  0fL .m 
> 50 we have 

'pm 
= 0.5", which means t h a t  the resis tance coeff ic ient  w i l l  be almost 

exactly t h a t  f o r  channels of constant cross-section [ g ] .  
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5. 	 Maximal Degree of Heating and Efficiency of Supply 
of Heat t o  a Channel of Constant Cross-Section 

We have seen (sec t ion  2) t h a t  M 5 1when heat flows in to  a 
channel of constant cross-section5*, so the degree of heating is  also 
res t r ic ted .  The grea tes t  degree of heating f o r  6 = 0 i s  found by 
putting M

*f 
= 1 i n  (1.52): 

(1.9) gives us f o r  f r i c t i o n  present t h a t  

(1.64) 


Figure 4 shows r e s u l t s  f o r  t h i s  as found from (1.63) and 
(1.64). 

High degrees of heating are  obtainable for f a i r l y  large cz 
only if  M,c. i s  s m a l l .  For instance, (@d@i)max> 1.5 i s  obtainable

''1 
with cf, = 5 only f o r  M < 0.3. This requires us t o  consider pos

*i 
s i b l e  ways of reducing M3ei. 

The referred flow rate g(M3,) increases with Q- f o r  &* < 1, so 

"(1.28) a l so  implies t h a t  M s 1i n  t h i s  case. 
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for f ixed F and 0. we can reduce 
 the
1 


flow rate G or by increasing the 

Mxi only e i t h e r  by decreasing 

pressure P
i' 

as (1.37) shows. 

Fig. 4. 

.max 
Relation of log( @JO. ) 

It i s  undesirable t o  reduce the  flow rate if the gas i s  t o  be 
used i n  an apparatus t h a t  cannot work e f f i c i e n t l y  with a flow l e s s  
than a ce r t a in  value. I n  addition, reduction of the flow r a t e  with 
a given degree of heating reduces the  amount of heat removed per 
second by the gas; s o  reduction i n  M,,. usually requires a r i s e  i n

'Q 

Pi, and hence the maximum degree of heating i s  r e s t r i c t ed  by the 

permissible pressure. 
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W e  s h a l l  now see t h a t  reduction i n  MJc. not only enables us 
I' 1 

t o  increase the .maximumdegree of heating but a lso ra i ses  the e f f i 
ciency of supply of heat t o  the gas. This eff ic iency i s  character
ized by n,  the  r a t i o  of the amount of heat Q carr ied off each second 
by the gas t o  the power N required t o  pump the gas: 

The eff ic iency c l ea r ly  increases with n. The heat carr ied 
off each second by the gas i s  

N i s  found as the work needed f o r  isentropic  compression of 
the gas from the pressure pf at  t h e  ou t l e t  t o  the pressure P

i 
a t  the 

in l e t ;  it i s  given by 

f k - 1~ 
N = G c O  ( 1 - 0  k J (1.66)

P i  

i n  which 

pf-
P
i 

This CY i s  termed the pressure coefficient.  It i s  assumed i n  (1.66) 
t h a t  the kinet ic  energy the gas has a t  the out le t .  has been completely 
l o s t ,  which i s  not always the case; but t h i s  assumption i s  qui te  
j u s t i f i e d  f o r  the purposes of qua l i ta t ive  analysis.  



- -  

(1.62) and (1.66) enable us t o  replace (1.65) by 

0
f 

10
i 

x =  
k - 1  


k 


1 - 0  


(1.37) and (1.39) can also be used t o  f ind  0; the  first i s  
wri t ten f o r  the i n i t i a l  sect ion and the second f o r  the ex i t ,  the one 
being divided by the other t o  give 

(1.68) applies t o  any channel, not merely one of constant 
cross-section. I n  the present case (constant cross-section) w e  put 
F. = F

f 
i n  (1.68). 

This can be used with various values of M+vi n  the range [M
a*’ 

a11, i n  which Mv i s  M+e for adiabatic flow (no heating),  which i s  given 

bY 


Taking M+ci and c i  as fixed, we f ind  0410. from (1.58), 0 from (1.68), 

and w from (1.65). Then each 0 0. corresponds t o  a ce r t a in  H for41 

1 
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given hi and si, so n i s  a function of 0fL0. with M+si and c< as  

parameters. 

There i s  a maximum i n  n, whose height i s  dependent on sf, and 
M+si; t h i s  i s  the la rges t  f o r  a given Qsi when 6 = 0 (no loss) and i s  

termed nmax'  
Figure 5 shows cw 

indicates the e f f ec t s  of 

--_ 
ZAIUX 

100 

80 


60 


40 


20 


0 

as a function of which t o  some extent 

increased pressure on the eff ic iency of 

i 


Fig. 5. 

Relation of t o  M+si. 

heat t ransfer .  Reduction of M,k i  from 0.3 t o  0.15 (which corresponds 

t o  increasing Pi by roughly a f ac to r  two a t  f ixed flow r a t e )  causes 

n t o  increase by over a f ac to r  f ive.  

Figures 6 and 7 give a reasonably complete indicat ion of the 
e f f ec t s  of 0 /@.f 1  and increased pressure on n; they show as ordinate 

n referred t o  the %ax f o r  given &t i .  
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Figures 6 and 7 c l ea r ly  i l l u s t r a t e  the  e f f ec t s  of sf, on u f o r  
given M+ti. 

0
i 

Fig.. 6. 

0.andRelation of H t o  04, 
6 fo r  M;,~ = 0.2 and gL of:  

1) 0 ;  2) 1; 3 )  2. 

Figure 8 shows u as a function of 0 0. f o r  Gi of 0.2 and 
d l  

0.4 (sf, = 1). It i s  c l ea r  t h a t  K increases appreciably when M+$i i s  

decreased f o r  a given 0f /  0 i o  

1 
/ OFor example, reduction of M+,:-. from 0.4 t o  0.2 f o r  0f i  = 1.5 

causes u t o  increase from 3.44 t o  10 (by a f ac to r  2.9). The e f f ec t  
i s  more pronounced i f  hci i s  reduced (e.g., from 0.4 t o  0.2) while 

0 0. i s  increased (e.g. , from 1.5 t o  2.4); t h i s  causes u t o  increase41 
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from 3.44 t o  21.5 (by a f ac to r  6.25). 

Fig. 7. 

Relation of K t o  

5 for $ei = 0.4 and cT, of: 

1) 0; 2) 1; 3) 2. 

For any given M*i and specified gc there i s  an optimal O J o  ir-
( t h a t  giving the la rges t  K). For example, f o r  &ti = 0.2 and CL = 

= 1 (Fig. 6) t h i s  optimal value i s  close t o  4, while f o r  &e+ = 0.4 
I-

and gL = 1 (Fig. 7) it i s  close t o  1.5. 

A knowledge of the optimal 0 /@ enables one t o  se l ec t  thef i  

most e f f i c i en t  conditions of operation. 



@f-
Oi 

Fig. 8. 

Effects of Mli and 0 /@.onf 1  

).L f o r  Mu.i of: 1) 0.2; 2) 0.4. 

6 .  	 Comparison of Efficiency of Supply of Heat 
i n  Various Channels 

A r e a l  channel i s  frequently a pa r t  of a closed loop (as i n  a 
nuclear reac tor ) ;  the gas passes from the e x i t  v i a  various pipes back 
t o  the i n l e t .  The power consumed i n  c i rcu la t ing  the gas w i l l  then 
be dependent on the resis tance of these other pipes as w e l l .  The 
power i s  given by 

pi pi Pf rf 

Pi n  which PI / f  spec i f ies  resistance of the pipes. This means t h a t  
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channels under consideration f o r  use i n  a given plant  are bes t  com
pared by reference t o  the cr needed t o  take up a f ixed quantity Q 
of heat. The bes t  channel has the la rges t  cr. 

We assume t h a t  Oi, pf, and G (gas flow rate) are constant. 

I1 
Then GI = GI1, QI = &I1, = $I, so (1.65) gives ( 0d i  I =(@,/e.)0 )

1 1 
= OJO , so OfI = $1 = Of. 

i 

The channels then produce the same degree of heating of the 

gas. But p1 = PI', so (1.39) gives
f f 

Then (1.68) and (1.69) give 

This enables us t o  compare channels f o r  eff ic iency i n  a f a i r l y  
simple way. Two cases a re  considered below t o  i l l u s t r a t e  t h i s .  

Compasison of Eff ic iencies  f o r  H e a t  Influx a t  I n l e t  and 
Outlet  f o r  a Channel of Constant Cross-Section 

Consider a channel of f ixed cross-section which in one case 
receives heat a t  the  ou t l e t  (channel I) and in t he  other at  the 

i n l e t  (channel 11). Now FfI = F",f so (1.69) gives M+fI = MI1 = Msf.Ti? 
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W e  consider f o r  s implici ty  the  l i m i t i n g  case M = 1; Fig. 9 gives 
?I? 

r e su l t s  from (1.53)-(1.56) and (1.70). 

Influx of heat a t  the ou t l e t  i s  more favorable than that at 
the in l e t .  

Fig. 9. 

Comparison of e f f ic ienc ies  
f o r  heat influx a t  i n l e t  
and ou t l e t  f o r  a charme& 
with F = constant f o r  GL of: 
1) 1; 2 )  2 .  

Section 4 shows tha t  i n f l u x  a t  ou t l e t  or i n l e t  cannot actual ly  
occur i n  pure form; but the r e su l t s  obtained here are s t i l l  of prac
t i c a l  in te res t .  The greater  the heat in f lux  a t  the  start of the 
channel, the  closer  the case t o  that of in f lux  at  the i n l e t ;  and 
s imilar ly  f o r  the out le t .  The analysis indicates t h a t  the efficiency 
of a channel may be raised by bringing it as close as possible t o  
case I (not case 11);as much as possible of the heat Q should be 
supplied as close as possible t o  the  out le t .  Figure 9 shows 
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0 
I
/o
I1, the  maximum possible ( theore t ica l )  gain. 

For instance, f o r  a m a x i m a l  0 0d i  of three and C?l = 2 we have 

O'/D1' = 1.2; p i  = 
pf
'I, so PI1 1.2P;. Then a threefold r i s e  i n

f -
re tardat ion temperature of the  gas f o r  6L can be produced i n  channel 
I with an i n i t i a l  re ta rda t ion  pressure 20% lower than t h a t  f o r  channel 
11. 


Comparison of Channels with M = constant and F = constant 

Channel I has M = constant; channel 11, F = constant. 


L e t  channel I1 have Cz = 1, and dI = 0.2, and 0 0. = 4,
fL 
which i s  close t o  the optimal value (Fig. 7). 

Channel I has the s a m e  i n l e t  cross-section as 11: F. = FI1 = 
1 i 

= F,I1. 

(1.29) gives, a f t e r  integrat ion and use of M ~ C= constant, t h a t  

i n  which 
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From t h i s  and (1.69) we have 

IM I  = M&, = M+* = 0.23,
*i 

so from (1.70) 

The channel with M = constant i s  b e t t e r  than t h a t  with F = 
= constant; this i s  at ta ined by increasing the cross-sectional area 
by a fac tor  2.25, which corresponds t o  an increase i n  diameter by a 
f ac to r  1.5. 

The above analysis i s  not complete, of course; it must be 
refined f o r  each par t icu lar  case by reference t o  experimental evidence 
on the coeff ic ients  of heat t ransfer  and f r i c t i o n  as functions of 
channel geometry, method of supplying heat, temperature, and perhaps 
gas pressure. 
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CHAPTER I1 

GAS FLOW I N  A SyMMEIllRICALLY ?BXl?ED CHANNEL WITH PLANE-PARALLEG 
WALLS: METTHOD O F  CALCuLclTION 

The one-dimensional theory of t he  previous chapter is based on 
t h e  assumption t h a t  t h e  parameters (speed, temperature, density, pres
sure) a r e  independent of t h e  transverse coordinate, being functions of 
t h e  lengthwise coordinate alone. It has been shown [39] t h a t  t h i s  i s  
almost so fo r  flows i n  suf f ic ien t ly  long tubes a t  high values of 
Reynolds number. 

On t h e  other hand, t he re  a r e  several  problems t h a t  t he  one-dimen
s iona l  theory cannot solve, including that of t h e  character of t h e  flow 
near t he  c r i s i s  point. 

Further, t h e  resis tance coefficient 6 and t h e  heat-transfer fac
t o r  Cy of t h e  one-dimensional theory can be given a theo re t i ca l  bas i s  
only from a more detailed study of t h e  flow i n  channels. For t h i s  we  
need t o  use the  equations f o r  a viscous compressible f lu id ,  which a r e  
very complicated even i n  t h e  l imit ing case Re -, (boundary-layer 
equations ). 

There i s  an extensive l i t e r a t u r e  on boundary layers and heat 
t r ans fe r  [17-19,21, 23, 32, 34, 36-38, 42, eitc.1 

Here I consider t h e  simplest case, namely symmetrical flow i n  
a plane-parallel  channel. 

We s h a l l  see t h a t  t h e  methods developed fo r  plane-parallel  
channels can be applied a l s o  t o  c i rcu lar  tubes. 

Calculations on t h e  boundary layer i n  a channel involve t h e  
need t o  solve the  i n t e r i o r  problem, which differs from t he  exter ior  
one ( i n  which t h e  speed of t h e  gas a t  t he  boundary i s  a known function 
of  t h e  lengthwise coordinate) i n  t h a t  t he  speed a t  t h e  ax i s  i s  now one 
of t h e  unknowns. 

Iaminar adiabat ic  flow of an incompressible f lu id  has known 
solutions f o r  channels with plane-parallel  walls [58] and f o r  c i rcu lar  
pipes [38, 571; the re  are a l s o  solutions fo r  t h e  adiabat ic  flow of a 
gas i n  the  laminar [ l l ]  and turbulent [l, 413 modes. 

There are papers on laminar flows of incompressible f lu id  i n  pipes 
i n  t h e  presence of heat t ransfer  [46, 47, 53, etc.] ,  and a l s o  mny  on 
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turbulent f l o w  i n  pipes [18, 23, 44, 48, 50,  etc.] .  These have as 
object, i n  par t icu lar ,  t h e  der ivat ion of t h e  e f fec ts  of F’r on the re
l a t i o n  between t h e  heat-transfer and res i s tance  coeff ic ients  (i.e. , on 
revision of t h e  Reynolds analogy fo r  FT # 1). 

There have recent ly  appeared several  f resh s tudies  of turbulent 
gas flow i n  pipes i n  t h e  presence of heat t ransfer ,  i n  par t icu lar  
[ 2 O ,  411. 

Some simplifying assumptions were m d e  i n  [41]; i n  par t icu lar ,  
it was assumed that t h e  density and v iscos i ty  are independent of t h e  
temperature and of t h e  transverse coordinate. 

The theory of l oca l  simili tude [12, 131 was used i n  [ 20 ]  t o  
analyze experimental data; re la t ionships  were given fo r  t he  heat 
t r ans fe r  i n  the  i n i t i a l  pa r t  of t he  tube. 

Here I give a new approximate method mainly directed t o  two 
purposes: def in i t ion  of the  l imi t s  of appl icat ion of t h e  Reynolds 
analogy and a more d e t a i l e d  study of t h e  e f fec ts  near c r i s i s .  

I n  pr inciple ,  t h e  method i s  applicable f o r  a l l  Pry but I assume 
t h a t  F’r = 1, which grea t ly  s implif ies  t h e  equations for t he  boundary 
layer  and which much reduces t h e  volume of analysis  and of calculation. 

This l imi ta t ion  of t h e  purpose leads me  t o  put Pr = 1and t o  
study t h e  conditions f o r  deviation *om Reynolds analogy associated 
with factors  other than the deviation of Pr from one, especial ly  since 
t h e  e f f ec t s  of Pr on tha t  analogy a r e  already largely,known. I assume 
that (turbulent-transfer,factor f o r  momentum) and E (the same fo r  
h e a t )  a r e  the same: 8 = 6 . 

I n  addition, I assume t h a t  Re < lo’, although analogous results 
can be derived* for  Re > 105. The assumption Re < 105 enables me t o  
simplify t h e  treatment, because t h e  ve loc i t  p ro f i l e  i n  t h i s  range i s  
adequately described by a power l a w  ( the  l.& l a w ) ,  so  t he  problem re
duces t o  t h a t  of examining the  e f f ec t s  of M and heat t ransfer .  

1. Basic Equations 

Consider t he  steady-state turbulent flow of a gas i n  a channel 

*See Section 13 of t h i s  chapter. 
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of width 2h. The O x  ax i s  l ies along one w a l l  and i s  directed downstream; 
t h e  Oy axis  is  perpendicular t o  t h e  ax is  of t h e  channel and i s  directed 
i n t o  the  gas (Fig. 10). 

Fig. 10. 

Plane-parallel channel. 

The speed a t  t h e  axis i n  the  i n i t i a l  section i s  assumed subsonic. 
The wall temperature or spec i f ic  heat f l u x  can be any function of x i n  
t h e  general case. Here I assume t h a t  t h e  two functions a r e  iden t i ca l  
fo r  t he  two walls (symmetrical case). 

The s e t  of equations fo r  t h e  boundary layer  i n  terms of time-
averages takes t h e  form 

ay"1 ' (2 .1)  

P = Pm, (2.4) 



System (2.1)-(2.5) i s  t h e  same f o r  t he  exter ior  problem as f o r  
t h e  i n t e r i o r  one. 

dp/dx i s  known fo r  t h e  former, but t h e  pressure i s  one of t h e  un
knowns for  t h e  latter, though we do have here an  addi t ional  conditions 
(constancy of t h e  flow rate along t h e  channel). 

We put (2.1)-(2.5) i n  dimensionless form for convenience i n  fur
t h e r  exposition. 

W e  take half  t he  width of t h e  channel as sca le  for  t he  t ransverse 
coordinate y: y = 3. The symmetry allows us t o  discuss only half  t h e  
width i n  what follows. 

-

Values a t  t h e  w a l l  (y  = 1)by subscript  1. 

The sca le  fo r  t h e  veloci ty  components u and v i s  t h e  l imiting 
veloci ty  a t  t h e  center of t he  i n i t i a l  sect ion of t h e  channel: 

We a l s o  put 

D 


I
i n  which p i s  t h e  viscosi ty  a t  the  ax i s  i n  t h e  i n i t i a l  section for  t h e  

li 
stagnation temperature 0 . 

li N 

The Re defined fYom u(') 
li 

and p'
li 

i s  denoted by Re: 



and we put 

Simple manipuLations based on (1.45) enable us t o  put (2.1)
(2.5) i n  t h e  following form ( the  bars over t h e  dimensionless quant i t ies  
are here and henceforth omitted)*: 

P = PT, (2.11) 

O = T + U .  (2.12)2 

*Special mention i s  made i n  w h a t  follows of any operation involving 
dimensional quant i t ies .  
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2. Boundary Conditions 

The system (2.8)-(2.12) must be complemented with boundary con
di t ions.  

The condition f o r  t he  veloci ty  i s  t h a t  of adherence t o  t h e  wall: 

u = v  = o .  
0 0 

The condition f o r  stagnation temperature 0 varies i n  accordance 
with whether t h e  wall temperature o r  t he  heat f l u x  t o  t h e  gas i s  t h e  
known quantity. 

I n  t h e  f i rs t  case, clearly,  Pr = 1: 

O = T = T (x), (2.14)
0 0 0 

i n  which T ( x )  i s  wall temperature*.
0 

I n  t h e  second case we take account of t h e  var ia t ion i n  thermal 
conductivity with temperature and put t h a t  

Here q
0
(x) is  a known function of x ( the  heat flux a t  t h e  wall) and 

Qe wall temperature i s  denoted hereinaf ter  by @ for convenience. 
0 



)c is  a f’unction of T . 
0 0 

NOW (2.12) gives 

s o  (2.13) gives 

and t h e  condition a t  t h e  w a l l  may be put a s  

3. In tegra l  Relations 

An approximate method will be used t o  solve (2.8)-(2.12), s o  
in t eg ra l  re la t ions  derived from these equations a r e  deduced. 

W e  in tegra te  (2.10) with respect t o  y between w a l l  and ax i s  (i.e., 
from y = o t o  y = 1) t o  get 

- j p u d y  4- %ie [pv]1 = 0. 
dx 

0 0 

(2.13) gives v = 0, and v = 0 by v i r tue  of t h e  symmetry, so 
0 1 

I 
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1 
[ pvl0 = 0 and hence 

1 
d r 

(2.16) 

The in t eg ra l  i s  the  mass of gas flowing each second through any 
cross-section. (2.16) implies t ha t  t h i s  mass ( t h e  mass flow rate) i s  
t h e  same for  a l l  points. Let G denote t h e  flow rate (as i n  chapter I); 
then instead of (2.16) we have* 

1 

P 


W e  in tegra te  (2.8) with respect t o  y = 0 t o  y = 1t o  get ,  taking 
a l l  terms t o  t h e  lef t ,  t h a t  

1 1 1 

au


p u - d y + R e- s0 
p v - d y + - - -

k - l d p  = 0. 
0 a Y  2k dx 

(2.18) 

The second in t eg ra l  i s  taken by parts and (2.10) i s  used t o  give 

1 1 1 


*G1 here an henceforth denotes t h e  flow rate f o r  ha l f  t h e  width of t h e  

channel. 
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so t h e  sum of t h e  first two terms i n  (2.18) i s  

1 
2 au dy = - pu dy.p v  	- d 

a Y  dx 
0 0 0 

(au/ay) 
1 

= 0, on account of t h e  symnetry, while e = 0 (turbulent 
0 

t r ans fe r  coeff ic ient  a t  t h e  wall), s o  (2.18) i s  replaced by 

1 


d pu 2dy + k - l d p  
+ Po ($1 = 0.dx 

0 2k dx 

Ent i re ly  analogously we have from (2.9) and (2.10) 

1 

d 

(2.20) 


Note t h a t  (2.19) and (2.20) are extensions of (1.7) and (1.8)t o  
t h e  case of nonuniform veloci ty  and temperature d is t r ibu t ions  over t h e  
channel cross-section. 

A l s o  

1 


(2.21) 

m 
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i s  t h e  mean-mass stagnation temperature, while 

' f pu2dy = u 
m

G1 0 

i s  t h e  mean-mass speed. 

(2.20) and (2.21) together can be put as 

or ,  from (2.15) 

(2.22) 


Pr = 1gives (with a l l  quant i t ies  except Pr dimensional) 

A l s o ,  S = 2, s o  reduction of (1.7) t o  dimensionless form readi ly  enables 
h 

us t o  show t h a t  it i s  t h e  same as (2.27). 

Now w e  put (2.19) i n  t h e  following form by means of (2.22): 
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dum k - 1dp + P o ( )  = 0. (2.24)G -+-- au 
1 ax 2k dx a Y  0 

Putting (1.8) i n  dimensionless form, we have* 

dw k - l d p  C: -+--+-GwRe=O.
G1 dx 2k dx 8 1  

(2.24) and (2.25) are t h e  s a m e  i f  we assume tha t  w = um and 

Put 

(2.26) 

This expression fo r  6 w i l l  be used i n  fixture. 

4. Relations a t  t h e  Axis of t h e  Channel 

The method given below i s  based on (2.1-6), (2.l9), and (2.20), 
together with (2.8) and (2.9) as wri t ten f o r  t h e  axis. 

The la t te r  equations are obtained by putting u = “1and = 1 

i n  (2.8) and (2.9); v = 0, on account of t h e  symmetry, so 

I 

*Here t h e  hydraulic diameter i s  D = 4h, which must not be forgotten. 



dul k - 1 dp 
p u  -+--=
1 1 dx 2k dx 

Prandtl 's  theory [24] gives e a s  

i n  which 1 i s  t h e  length of t h e  displacement path. 

But (way),= 0, so e1= 0, and* 

a2 2 

+ (vl + el) (2)= Pl 
ay2 a Y  

But (aQ/ay)l = 0, on account of t h e  symmetry, so we have 

*All deductions s t i l l  apply i f  81# 0. 
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a0{"[ ( P +  e)- a Y  
a Y  

and t h e  equations for t h e  ax i s  can be put as 

(2.28) 

The derivation of t h e  right-hand s ides  of these equations w i l l  
be dealt  with i n  the  presentation of t h e  computation method. 

5. Relations near t h e  Wall 

Simple power f'unctions will be used for t h e  velocity and t e m 
perature prof i les ,  i n  order t o  provide an approximte solution: 

u = u,y", (2.291 

0 - oo = (GIl - O0) ypl, (2.30) 

i n  which n and m are form parameters (f'unctions of x), with 0 5 n 1 
and 0 m 5 1. 

The p r o f i l e  of (2.29) cannot be extended r igh t  up t o  t h e  wall, 

since W a y  = ulny n-1 
OD f o r  y -, 0. 



Following Prandtl, we assume t h a t  � = 0 near t h e  wall i n  t h e  
viscous sublayer; here i n e r t i a l  and pressure forces a r e  small re la 
t i v e  t o  t h e  viscous ones. Then (2.1) gives us approximately that 

d ( IJ. au-) = 0, 

a Y  a Y  

so, with p = constant, we have a l i nea r  veloci ty  d is t r ibu t ion  near t h e  
w a l l  : 

i n  which 6 i s  t h e  thickness of t he  viscous sublayer. 

We cannot put p = constant fo r  t h e  sublayer i f  heat t ransfer  i s  
important, for p i s  a function of temperature, and t h i s  may vary sub
s t a n t i a l l y  near t h e  w a l l .  I n  t h i s  case 

au 
I-1-
au 

= Po (-)
a Y  ay 0’ 

i . e . ,  t he  f r i c t iona l  s t r e s s  i s  constant within t h e  sublayer. 

The l a s t  equation gives 

=-(-)oI-10 Y, 

-
I-lY 

ay 

i n  t h e  symbols 

- y J I - 1
IJ.Y 0 
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W e  put y = 6 i n  (a )  t o  get 

whence t h e  f r i c t iona l  stress a t  t h e  w a l l  i s  found as 

-
Here p6 i s  a mean value for t h e  v iscos i ty  of t h e  sublayer. 

From ( a )  and ( b )  we have 

The veloci ty  p ro f i l e  i n  t h e  sublayer i s  not l inear  i n  t h i s  case. 

The thickness of t h e  sublayer i s  found from t h e  following argu
ment. The Prandtl-Karman theory gives for M small and no heat t r ans fe r  
t h a t  6 i s  defined b p  

(u6, 6, and V are dimensional here). W e  have i n  dimensionless form 

%is constant i s  denoted by oi! i n  turbulence theory, but CY i s  tused 
fo r  t he  heat-transfer factor  here. 
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t ha t  

- U66 
R e  -= R e  

v 6' 

We assume t h a t  f o r  M large and fo r  heat t r ans fe r  present t he  
Re

6 
i s  the  same i f  as our V i n  ( c )  w e  put 3 = &j/p, i n  which z6 i s  

the  mean v iscos i ty  of t h e  sublayer ( see  above), while is i s  the  density 
a t  a temperature T6 corresponding t o  G6. 

Then 6 i s  given by 

But 5 = p/T, so, put t ing t h e  re la t ion  of v i scos i ty  t o  temperature a s  

and using (2.29), w e  have 

n+l 
"16 P 

iie = Reg,
1

-1 + 6 
1-16 


and s o  

R e  u1p 
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Section 8 of t h i s  chapter dea l s  with the  determination of  Reg .  

We need t o  know t h e  d is t r ibu t ion  of p i n  t h e  sublayer i n  order 
t o  find 6 and the  veloci ty  p ro f i l e  there.  We assume t h a t  1/11 i s  a 
l i nea r  function of y within t h e  sublayer: 

so 

An analogous sublayer occurs fo r  t he  stagnation temperature; 
t h  Pr = 1 w e  may [15,40]assume t h a t  t h e  thickness of t h i s  i s  a l s o  

so a t  t h e  w a l l  we have, by analogy with (2.31), t h a t  

0 - 0  
6+)(z)o0 -

'6 = 
aY 6 

Successive approximation may be used t o  find 6 *om (2.32) and 
F6 *Om (2-35). 

nI-'
W e  first put ,Ci 

6 
= po i n  (2.35) t o  get e o m  (2.33) t h a t  E6 = O0; 

from t h i s  
6 

we find from (2 .34 ) the  first approximation 6(1), s o  we 

have 
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mom (2.29) and (2.30) we have 

2 (I-)2nT = 0
0 

+ (01 - O0)6 (1)" - u 6
1 

From t h i s  p we can find a second approximation 6 (2). The 
g ( 1 )  

process i s  continued u n t i l  the  differences between successive approxi
mations become su f f i c i en t ly  small. 

Note. The calculation of 6 and F can be improved i f  w e  use- 6 

for l/p t he  approximating function 

1 1
-=-+(,--)(;;>, 1 1 Y W 

I-L 6 

i n  which w i s  a constant that can be found *om the following argument. 
W e  find 6 by t h e  above method and require tha t  f o r  y/6 = l / 2  w e  have 

Tp = p. 

This gives us an equation i n  t he  unknown W, which i s  found and 
i s  used t o  revise 6 and P6, which are used t o  revise w, and so on. 
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6. 	 Expressions fo r  t h e  Coefficients of Resistance and H e a t  
Transfer i n  Terms o f t h e  Boundary-Iayer Parameters 

W e  now need expressions for  6 and a; t h e  first ( the  resis tance 
coeff ic ient)  has been found above as (2.26). From (2.29) and (2.31) 
w e  have 

Now CY is,  by definit ion,  t h e  r a t i o  of t h e  heat f lux  a t  t h e  
wall t o  t h e  difference between the wall temperature and t h e  mean 
stagnation temperature [ a l l  quant i t ies  i n  t h e  equations up t o  (2.38) 
are dimensional, apart *om t h e  numbers]: 

%
C Y =  

oo -. om -

W e  now introduce t h e  dimensionless heat-transfer factor  i n  t h e  
form of Stanton's number: 

But h:= 1, so c
P 

= xdpo,and t h e  last  equation i s  replaced by t h e  

following by virtue of (2.15): 

or, after converting t h e  right-hand s i d e  t o  dimensionless form: 

I 
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That is, we must know ( w a y )0, ( aO/ay) 0’ 
u my and Om i n  order 

t o  determine 6 and St .  

Expressions f o r  t h e  two partial der ivat ives  i n  terms of m, n, 
u1’ 

0, O0, and 6 have been derived i n  t h e  previous section. 

The expressions are simplified by t h e  use of t h e  following 
symbols : 

1 


1 2 
U 

I2 = -2 dY, (2.40)J 
0 - u  

0 

1. , = s o  UO 
2 dY. (2.41) 

- u
0 

(2.11) and (2.12) enable us t o  put (2.17), (2.221, and (2.21) 
as 

1 1 
U 

G 
1 

= pudy = p 
o O - u  
-

2 
dy = PI1’ 

(2.42) 

0 
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1 1 9

2 UL 

1 m  = S p u d y = p J - 2 d Y  = PI2' (2.43) 
0 o O - u  

(2.44) 

(2.42) and (2.43) give 

(2.42) and (2.44) give 

I O  - 1  
0 - 0  = 1 0  3 
o m I

1 

The mean speed of (2.45) i s  substituted i n t o  (2.37) t o  give 

Similarly, (2.38), (2.36), and the expression f o r  0O - 0m give 

I 
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That is, we must be able  t o  compute I I and I as w e l l  as know u 
1, 2, 3 1” 

0 6, my and n i n  order t o  determine 6 and St ;  t h a t  is ,  we must find 
1, 

t h e  pressure, mean velocity, mean stagnation temperature, and G
1 f r o m  

(2.42)-( 2.44), i n  accordance with given i n i t i a l  conditions. 

The following sections deal with these.  

7. Calculation of Flow Rate, Pressure, and Mean Gas Parameters 

First we f ind 11, Ig, and I as given by (2.39)-(2.41). To 
3 

simplify t h e  treatment we assume tha t  (2.29) and (2.30) apply r igh t  
out t o  t h e  wall; t h i s  cannot introduce any subs tan t ia l  error ,  on 
account of t h e  small thickness of t h e  viscous sublayex++. 

Now u2 < 0 = u2 + T, so l/(0 - u2) can be put i n  t h e  form of a 
convergent series: 

1 = 0-1 (1+ u 2 d  + u 40-2+ ...). 
0 - u  2 

W e  put 

0 

t o  get 

(2.48) 

~ ~~ 

*See Appendix 11. 

I 




It remains t o  find t h e  in tegra ls  I(”’). W e  have fYom (2.29) and 
(2.30) t h a t  

U i d  = uly @li n i  [ l + ( - - l ) y m ] ; i .  
@O 

W e  consider only t h e  case of heat inflow; 0 C @l/@o 1, so 11 
- @ /@1 0 I c I, and w e  have t h e  convergent se r ies  

i n  which 

so* 

*See Appendix I regarding t h e  operations on the  ser ies .  
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I and I are then known.
1’ 2’ 3 

We must be given uli, 0xi’ n
i’ 

and m.1 ( f o r  t h e  i n i t i a l  channel 

cross-section); from these we have from (2.42) t h e  gas flow rate: 

G1 = Pi+ 

i n  which 

From t h e  flow rate we have t h e  pressure i n  any channel cross-section 
from (2.42) as 

p =-. (2.53) 

I1 

( 2.43) and ( 2.44) are then used t o  find t h e  mean speed and mean 
stagnation temperature of t h e  gas. This method of finding t h e  mean 
parameters enables us ( i n  accordance with t h e  statement a t  the  end of 
section 3) t o  ensure t h a t  t h e  quantity of motion, enthalpy, and flow 
r a t e  a r e  the  same i n  the  ac tua l  and assumed one-dimensional flows. 
I n  addition, t h e  pressure, and hence the  momentum, a r e  the  same. It 
has been shown [35] t h a t  t h i s  method of finding t h e  mean i s  one o f t h e  
two bes t .  

The mean density and temperature must be found d i r ec t ly  f’rom 
(1.2) and (1.14): 

I 
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G1 
= 
pm 

U 
(2.54) 

m 

T , = @ , - S  2 0 

(2.55 1 

8. Calculation of t h e  Thickness of t h e  Viscous Sublayer 

This thickness 6 i s  expressed i n  section 5 i n  terms of R e
6 i n  

(2.34). W e  determine on t h e  following basis.  W e  require t h a t  

u1 [(k - l ) / (k  + l)] ; t h a t  is, t h a t  (2.37) should coincide with 

Blasius ' s  formula 

1 

6 = 0.3164 Re-

for  speeds w e l l  below sonic i n  t h e  absence of heat t ransfer  (m = 0, 

@
0 = @1 = l), t h i s  being applicable fo r  R e  < 105 . I n  (2.37) we must 

put n = l/7, which corresponds t o  a Blasius veloci ty  prof i le .  

R e  must be determined f o r  t h e  mean parameters by reference t o  
t h e  hydraulic diameter, which i s  twice t h e  width of t he  channel; t h e  
l i nea r  dimension i s  ha l f  t h e  width i n  t h e  calculation of Re ,  so 

- 1R e  = - Re-
'"m 

(2.57)4 
umf" 



-
 1R e
Re = - - (% - %)B. 

G1 

(2.34), taken with the above and with (2.  53), gives 

1 


These values of R e  and 6 are inserted i n  (2.37) t o  give after 
manipulation tha t  

With u1 [ (k  - l ) / (k  + l)]5/2 , we have fo r  n = 1/7 f r o m  (2.48), 

(2.49), and (2.51) that 

F r o m  (2.45) 



- -  

W e  can put 6 = 1for  low speeds i n  adiabatic flows. I n  addi

t ion,  

2 2
O m - u m = 1 - um -1. 


Then for low speeds and adiabatic flows we can put (2.58) for  R e  105 

i n  t h e  form 


3 1 


6 = 36 ('Re6 ) B E e  4 . 

2 


Comparison with t h e  Blasius formula (2.56) shows tha t  

36 (-$Re6 ) = 0.3164, 

whence 

4 


This gives us R e 6  and 6, so  C can be found *om (2,37), St from (2.48), 

and a l s o  t h e  other flow parameters, i f  my n, u 
1' and 01 are known. 

-

*Nikuradze's experiments [52] give Re6 = 132, but I have retained 

Re6  = 157 here i n  order t o  be able  t o  use Blasius 's  formula. 



Before we consider how t o  compute these we must consider t h e  
conditions under which Reynolds analogy i s  applicable. This enables 
us t o  choose m and n correct ly  fo r  t h e  i n i t i a l  sect ion and a l s o  t o  ob
t a i n  addi t ional  data needed i n  the  development of t h e  method. 

9. Reynolds Analogy 

We determine t h e  r a t i o  of 6 t o  St ;  dividing (2.u)by (2.47), 
we have 

(2.60) 

1 
U 

1 Bo + (0
1 

- Oo) y 
O0Il - I7 = Oo 	

0 0 - u2 d Y  - s u  d Y  
J 0 0 - u  2 

or 


(2.61) 

I n  addition 

1 2 l 2 n
U Y7dy. (2.62)I2 =s, 2 dy = u: 

0 0 - u  
0 - u  

We assume t h a t  t h e  veloci ty  and temperature p ro f i l e s  are similar 
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( i . e . , . tha t .m = n). Substi tuting (2.61) and (2.62) i n t o  (2.60) and 
putting m . 5  n, we have 

-	6 
= 8. (2.63) 

S t  . . 
- "  

,* a. 
- * . .. 0 -

J' This d i rec t  proportionali ty i s  called t h e  basic  re la t ionship 
of-Regolds analogy or t h e  basic re la t ion  of t h e  hydrodynamic theory 
of heat t ransfer  [TI. It was first derived i n  1874 by Reynolds on 
t h e  assumption tha t  heat and momentum are t ransferred i n  ident ica l  
Tashion [55]. 

The conditions f o r  t h e  two prof i les  t o  be similar are readi ly  
found f'rom (2.8) and (2.9) (boundary-Layer equations), which imply 
d i r e c t l y  t h a t  for Pr = 1 ( t h e  case considered here)  we m u s t  have 
dp/dx = 0 and Oo = constant i f  t h e  two are t o  be similar. 

This means t h a t  t h e  analogy applies,  s t r i c t l y  speaking, only 
when t h e  gas flows around an  isothermal plate;  but experiment shows 
t h a t  it applies qui te  c losely for gases and l iquids  flowing i n  pipes 
[36,37,421 

The effects of temperature var ia t ion i n  t h e  p l a t e  on t h e  re
l a t ion  between 6 and St may be estimated [ 30 ]  *om t h e  results of 
[lo]. It i s  shown t h a t  fo r  dp/dx = 0, Pr = 1, and p = T equations 
(2.8)-(2.12) fo r  t h e  case of a laminar boundary layer  ( 8 Z O )  become 
ordinary d i f f e r e n t i a l  equations incorporating t h e  change i n  tempera
ture of t h e  wall: 

(p"' + 2qqN = 0, (2.64) 

with boundary conditions 

H e r e  cp and g are functions o f t h e  dimensionless var iable  5 ;  u and 0 
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I are proportional respectively t o  Ucp and T(O0 - @=)g, i n  which U = 

= u/ ( the  proportionali ty factor  i s  t h e  same for  both).
Y="o 

The w appearing i n  (2.65) i s  t h e  (constant)  power appearing i n  

for t h e  re la t ion  of 0
0 

(p l a t e  temperature) t o  x = x /L  (x and L are 

dimensional, L being t h e  charac te r i s t ic  length).  

(2.64) subject t o  (2.66) i s  Blasius's equation [43]; t h e  solu
t i o n  i s  tabulated, which f a c i l i t a t e s  computation. 

W e  use f o r  6 and St expressions su i tab le  fo r  t h e  exter ior  
problem: 

and it i s  then simple t o  find 

(2.68) 

W e  integrate  (2.65) as an ordinary l inear  d i f f e r e n t i a l  equation 
i n  g'(S) t o  get 
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0 0 0 

Now (2.64) gives 2cp = - ( / c p ” ,  so  

and f r o m  (2.69 ) we have 

W e  in tegrate  t h i s  and use the  fac t  tha t  g(0)  = 1by virtue of t h e  
boundary condition of (2.66) t o  get 

i n  which the  symbol is  
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I
W e  put 5 = OD i n  (2.70) and use the  f ac t  t h a t  g ( - )  = 0 and ‘8 (a) = 1 
t o  get 

whence 

I n  place of (2.70) we now have 

0 0 

Successive approximation may be used t o  find g(5)  i f  W is  
reasonably small. A s  a first approximation we take g = g ( 5 )  = 1 -

I 
- ( P I ( < ) ,  which i s  inserted on t h e  r igh t  i n  (2.72) t o  give g

I1( 5 )  a s  

second approximation, and so on. From g ( 5 )  we find g‘(0)/cpN(O) from 
(2.71). Taking only t h e  second approximation f o r  g( 5 ) ,  we have 
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and s o  =om (2.68) 

s 8 
- a  (2.73) 
st 1 - 1.06~-I-0 . 0 4 8 8 ~ ~  

Then the  analogy appl ies  for IWI suf f ic ien t ly  small; YSt for 
any given W i s  constant over t h e  plate:  VST = C = constant. But 
even qui te  small changes i n  W cause C t o  vary subs tan t ia l ly  (Fig. 11). 

Fig. 11. 

Relation of  t h e  constant c/St = 
= c t o  w. 

This means t h a t  t he re  can be substant ia l  deviations from t h e  
analogy i f  t h e  temperature d is t r ibu t ion  i n  t h e  p l a t e  does not fo l low 
a power law, so carefu l  allowance m u s t  be made fo r  temperature var ia t ion 
i n  t h e  walls i n  developing t h e  method. 
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10. Approximate Method of Computation f o r  a Given 
Temperature Distr ibut ion a t  t h e  W a l l  

The i n i t i a l  equations t o  be used are (2.16), (2.19) (2.20), 
(2.27), and (2.28). U s e  of (2.11), (2.12), and (2 .42) - (2 .h)  gives 
us a system of f i v e  equations: 

d 

dx 

d k - l d p- (P I2 )  + -
dx 2k dx 

p‘l 	 d’l k - 1dp
- + - - =  

0 - u  dx 2k dx I-ll 

1 1 

i n  t he  f ive  unknowns p, ul, o,, m, and n, whose values must be given a t  

the  channel i n l e t  ( i . e . ,  a t  x = 0). 

We eliminate p from the  system; the  first equation i n  (2.74) 
gives 

pI1 = G1 = const, 

....--.--.--. ....-. .I.-- “ 8 - 1 .  m . 1 - 1 1 - 1 1  -1..1111..1 I..I I  111111 I I 1  I I 
I 
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o r  

G
1 

p = - .  (2.53) 
I1 

W e  d i f ferent ia te  the  products i n  t he  first three equations of 
(2.74) and substi tute from (2.53) for  p t o  get 

I2
dll 1d,p - + - - 0 ,
dx G1 dx 

-+ 
dx 

G1 


d13-+ - - = -dP'1'3 

dx G1 dx 

- (2.75)
dx 

I1
- P o ( % ) .  
G1 aY 0 

The f i f t h  equation i n  (2.74) becomes as fol lows when (2.53) i s  
used : 

dG1 1 0 - u  2 
1 1  1
- = 

dx G1 U1 
(2.76) 

The fourth equation of (2.74), together with (2.53), gives 
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This value of dp//ax i s  inserted i n  (2.75); t h e  r e su l t  i s  com
bined with (2.76) t o  give us a system of fou r  equations i n  t h e  un
knowns ul, n, 01' and m: 

dO I @ - U  
2 

1 1 1  1 - = 
dx G1 U 

1 aY 

For convenience i n  fur ther  operations we change t h e  variables by putting 

. . 
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u
1 

3 2
1’ 

n 3 z  
2’ 

@
1 

G 
23’ and m 3 z4; 11, 12,and I3 are f’unctions of 

z z 
2’ 

z
3’ 

and z4’ and a l s o  of 0
0’

which i n  general i s  a given f’unc
1’ 

t i o n  of x, so 

+ - - ,k = 1, 2, 3. 
azj dx a@, dx 

Then (2.78)may be put as 

dz1 dz2 dz dz4
- = N i .  (2.79)

Nildx + Ni 2 dx 
-+ N i  

3 dx 
-’ + N  

i4 dx 

(i = 1, 2, 3, 4). 

(2.79) i s  quasil inear i n  t h e  derivatives of t he  z with re
spect t o  x. An analogous system of equations has been derived [2]
for  flow i n  nozzles i n  t he  presence of  a flow core. 

The coeff ic ients  N
i k  

of (2.79) a r e  

* l  2 + 1 
- a12 k-l 
Z

N21 1’ 
zz - 2,2 
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(2.80) 


N
43 

= 1; N41 = N42 = = 0. 

The independent terms i n  (2.79) a r e  



The N are determined i n  terms of t h e  I. and t h e  aI./az i n
i k  1 1 k’ 

accordance with (2.80); I I and I have been found [formulas 
1’ 2’ 3 

(2.48)-(2.50) of sec t ion  71. 

W e  need t o  know t h e  Ii’j and t h e i r  der ivat ives  i n  order t o  find 

t h e  I.
1 

and t h e i r  der ivat ives .  Formula (2.51) gives t h e  Ii , j  , and we 

now rewri te  t h i s  expression i n  t h e  new symbols as 

z i + l  k= l  i z + k z + l  
2 2 4 1 

This i s  d i f fe ren t ia ted  with respect t o  z 
i 

t o  give 
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Different ia t ion with respect t o  Oo gives 

The aI(i'J)/a@o enable us t o  use (2.48)-(2.50) t o  find t h e  

t h a t  appear i n  (2.81). The ( w a y ) ,  and ( a o / b ~ ) ~aIdaQ0 appearing 
2 2 

there  a r e  given by (2.31) and (2.36), s o  there  remain only ( a  day I1 
and ( a2@/ay

2
),, which require spec ia l  discussion*. 

We put 

(2.82) 

++These cannot be found from (2.29) and (2.30); although power p ro f i l e s  
approach t h e  ac tua l  ones closely,  they cannot be continued r igh t  up 
to t he  ax is  (or up t o  the  wall), because they have cusps a t  t h e  axis, 
whereas t h e  r e a l  ones do not. 
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(2.27) becomes 

Comparison with (2.19) shows t h a t  f fo r  [a(pv)/ay], = 0 char

ac te r izes  t h e  change along t h e  length i n  the  difference between t h e  
mean quantity of motion and t h a t  a t  t h e  axis. Continuity implies 
t h a t  -d( plul)/dX = [a( pv )/ay] 1’ SO 

and *om (2.82) and (2.19) w e  have 

i n  which 

1 

2= pudy, K1 = P U2 

1 1
0 

If we assume t h a t  a(pv)/ay = 0 and d d d x  = dKl/dx f o r  t h e  main 

part of t h e  flow, then f = 1, which i s  sometimes taken as t h e  basic 
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assumption i n  calculations on adiabat ic  flows i n  pipes [41]. 

An important feature  of f i s  as follows ( t h i s  w i l l  be used 
l a t e r ) .  The veloci ty  p r o f i l e  i s  convex along t h e  flow d i rec t ion  

2( a 2 ~ a y  5 01, and I-1 (way) > 0, so  we have e s sen t i a l ly  f 2 0,
0 0 

s o  f cannot be negative. Similarly we put 

A s  above, we see t h a t  F fo r  [a( pv)/ayl = 0 characterizes the1 


change along t h e  length i n  t h e  difference of the  mean heat f lux  (per 
second) and t h a t  a t  t h e  axis: 

F = l  


ao 

- l o ( - )

a Y  0 

i n  which 

1 

n 

0 

Heating alone i s  considered, s o  < 0; fo r  t he  same 

reason, t he  profile of stagnation temperatures must be concave i n  t h e  



flow direction, s o  a20/ay2 2 0, and hence F 2 0 f'rom (2.83). 

Substi tution of (2.82) and (2.83) i n t o  (2.81) gives 

N = f'" - N'' 
1 1 1' 

(2.84) 

i n  which 

I2
2 k 1 


N ' = - 
1 k-1 G1 

2k-
N 1 = k-1 I + 12 

2 
G1 
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2 
- z  

I I1 z3 Po (2)
N 4 = - - ay 0,

G1 1 

and so, f'rom (2.36) and (2.531, 

(2.85 

All coefficients i n  (2.79) are now known as functions of z1' z 2' 

z 3 ,  z4, x, f, and F. 

The system i s  integrated as follows. 

W e  assume tha t  we are given t h e  speed u
1 1 l i  

i n  t h e5 z = z 



i n i t i a l  cross-section (x = 0, where el z 
3 

= 1)and t h a t  we know 

that t h e  veloci ty  has a Blasius prof i le :  n z 2 = 1/7. W e  a l so  

suppose t h a t  Reynolds analogy (m 3 z4 = =2 
= l/7) for t h i s  section. 

W e  now consider whether t h e  analogy and t h e  Blasius p ro f i l e  can 
apply t o  t h e  whole flow up t o  t h e  c r i s i s  point (see chapter I11 fo r  
t h e  conditions fo r  onset of crisis ). 

Here we must put z 
2 = 24 = 1/7 and d z p x  = dz4/dx = 0 i n  

(2.79), which gives t h e  system t h e  form 

dz dz 
1 3 

N. - + N  - = N i  
l1 ax i3 dx 

Let  us emphasize tha t  t h e  coeff ic ients  a r e  functions of zl, z3, and 

x only, for  z2 = 24 = 1/79 

Consider t h e  conditions for  compatibility for these four 
equations i n  two unknowns. 

The first three  equations i n  (2.86) do not contain F; they are 
compatible i f  

N
11

N13 N
1 

N21 N23 N2 = 0, 

'31 N33 '3 



whence subst i tut ion f o r  t he  Ni according t o  (2.84), gives 

f =  N 
21 

N 23 N" 2 
N 

21 
N 

23 
N'
2 

N N N N'
31 N33 N; 31 33 3 

We find f and subs t i tu te  f o r  it i n  any two of t h e  first three 
equations i n  (2.86) t o  get a system defining z1 and z3; t h e  fourth 

I 
equation gives F as F = (dz3/dx)/N 4' The behavior of f and F must be 

considered i n  t h e  integration. 

If f and F are posi t ive up t o  t h e  c r i s i s  point, t h e  Reynolds 
analogy and the  Blasius p ro f i l e  apply up t o  t h a t  point; calculations 
(chapter I V )  show t h a t  f becomes zero fo r  a cer ta in  x = xf and then 

becomes negative ( the  last  i f  we suppose t h a t  m = n = constant). This 
means t h a t  we cannot have m = n = constant f o r  x 2 xf '  

There are d i f f i c u l t i e s  i n  calculating t h e  flow for x 2 xf; 

chapters I11 and I V  show how t h i s  can be done. 

11. Method of Calculation fo r  a Given Heat Flux 

Here t h e  d is t r ibu t ion  of t h e  specif ic  heat f lux at t h e  wall i s  
given as q = qo(x), so t h e  wall temperature i s  one of t h e  unknowns,

0 
which we give t h e  symbol o0 = z

5' 
Here we  have f ive  unknowns instead 

of four, and t h e  system of (2.79) ( i n  which we must put Oo = zs )  must 

be supplemented with a f'urther equation. This i s  readi ly  found on the  
bas i s  of (2.15): 



(a@/ay), i s  dependent on t h e  zi (i = 1, 2, 3 ,  4, 51, so 

(2.88) 

i n  which @ i s  some function o f t h e  zi. 
lo i s  dependent so le ly  on t h e  wall temperature, i .e. 

On 25‘ 

(2.88) i s  t h e  f i f t h  equation t o  be added t o  t h e  system of (2.79); 
it i s  more convenient t o  have it i n  d i f f e ren t i a l  form, because t h e  
first three equations i n  (2.79) contain dz5/dx. 

Differentiation of (2.88) gives 

-.
dx 

k = l  

The new system of five equations i s  put i n  t h e  form 

me Nik (i, k = 1, 2, 3 and 4) are defined by (2.80); t h e  Ni 5  
a r e  c lear ly  Ni 5  

= aIi/az5 (i = 1Y 2, 31, with N45 = 0. 

The right-hand s ides  N 
Iq’ 

N 
2q 

and N
3s 

d i f f e r  from those i n  t h e  
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equations of (2.79) i n  not containing terms i n  d@ddx; a l s o  N
49 

= N4. 

It remains t o  find t h e  coeff ic ients  i n  t h e  f i f t h  equation i n  
(2.90), namely (2.89), from which we have d i r e c t l y  

System (2.90) i s  solved by a method analogous t o  t h a t  given i n  
[ I O 1  

Integrat ion of (2.79) or (2.90) presents no essent ia l  d i f f i c u l t y  
i f  performed with a computer. 

Before giving r e su l t s  I consider some aspects t h a t  give a deeper 
understanding o f t h e  nature of these e f fec ts .  

12. Approximate Calculation fo r  t h e  I n i t i a l  Section 

It has s o  far been assumed t h a t  t h e  calculation starts a t  some 
channel cross-section where t h e  flow has become s tab i l ized  and where 

( f o r  Re < 105 ) t h e  form parameter f o r  t h e  veloci ty  p r o f i l e  i s  constant 
( a s  confirmed by experiment). The Reynolds analogy ( a l so  confirmed by 
experiment ) implies t ha t  t h e  form parameter f o r  t h e  velocity p ro f i l e  
must a l so  remain unchanged i n  t h i s  par t .  These two parameters a r e  
equal fo r  t he  main par t  of t he  flow. 

It i s  of i n t e re s t  t o  find an estimate fo r  t he  length of t h e  
i n i t i a l  part  ( i .e . ,  t he  distance flrom t h e  i n l e t  t o  t h e  place a t  which 
the  flow has become s tab i l ized) .  

The following method can be used. W e  assume t h a t  m and n d i f f e r  
from t h e i r  values a t  the  i n l e t  (zero)  but cannot be greater  than 5/7 

fo r  Re < 105 . If they do become l/T, they subsequently remain a t  t h a t  
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value. The curvature of t h e  two prof i les  a t  t h e  ax i s  i s  taken t o  be 
zero u n t i l  they have reached l/7. 

The two prof i les  are taken as being quite flat at t h e  i n l e t  
(m = n = 0 ) .  

W e  put f = F = 0 i n  (2 .79)  t o  get th ree  equations i n  u1’m, and 

n ($ = 1i n  t h i s  par t ,  because F = 0). 

This system i s  solved up t o  the  point where e i the r  n = 1/7 or 
m = J7. 

If a t  some point x = x n we have n = l/7, m < 1/7, t h i s  implies 

t h a t  dynamic s tab i l iza t ion  has already set in ,  s o  for a l l  la ter  points 
we must have n = 1./7 and must i n se r t  f i n  12.79). The system i s  now 
one of three equations (s ince 01 =1s t i l l  i n  t h e  unknowns m and u1 
and the  parameter f .  W e  deduce f fYom t h e  condition of compatibility 
t o  give two equations for  u1 and m. The calculation then proceeds 

u n t i l  we reach t h e  point x = xmn a t  which m = 1/7, a t  which point 

dynamic and thermal forms of s tab i l iza t ion  have been at ta ined;  xm 

i s  then the  length of t h e  i n i t i a l  part. 

If at  some point x = we have m = l/7 but n < l/7, we have 

an analogous calculation, except t h a t  F i s  introduced instead of f .  

O f  course, t he  ac tua l  e f fec ts  i n  t h e  i n i t i a l  part are much 
more complicated, so this  method i s  only rough and qual i ta t ive.  A 
more detailed discussion involves consideration of t h e  poss ib i l i t y  
of laminar flow a t  t h e  i n l e t ,  which la ter  gives way t o  turbulent 
flow. 

13. Calculations for  R e  > 105 

I f  R e  > 105, the calculations become more complicated, because 
t h e  form parameter f o r  t h e  veloci ty  p ro f i l e  i s  found t o  be variable 
even i n  t h e  main part of t h e  tube; it i s  a function of Re. 
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The universal  logarithmic p ro f i l e  [37]  should be used here, but 
t h i s  causes technical  d i f f i c u l t i e s  i n  t h e  calculat ions,  

A simpler method i s  t o  use a p ro f i l e  of t h e  type u
1
y", i n  which 

n i s  a function of Re found by experiment. 

14. Flow i n  Circular Tubes 

To a s s i s t  t h e  p rac t i ca l  use of calculations on plane-parallel  
channels I i l l u s t r a t e  how the  r e su l t s  can be applied t o  flow i n  
c i rcu lar  tubes. 

The i n i t i a l  system of equations analogous t o  (2.8)-(2.12) may 
be put as 

a u - + 1 2 [I r ( p  + e )  21, (2.91)= dx r a r  ai

20 z T - I - u .  (2.95 1 

Here r i s  distance measured perpendicular t o  t h e  ax& of the  
u 


tube (r  = 1- y); R eI is  referred t o  t h e  radius ro of the  tube; 
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x = r R e  x (r and x are dimensional); and t h e  radius of t h e  tube i s  
0 1  0 

t h e  scale  for t h e  transverse coordinate. 

Integration of (2.93 ) gives 

1 

&J purdy = G. (2.96)
dx 

0 

Let  G be t h e  t o t a l  gas flow rate; then (2.96) gives 

1 
2 purdy = G. (2.97) 

0 

W e  multiply (2.91) by r and integrate  with respect t o  y for 
t h e  wall t o  t h e  ax i s  t o  get 

1 1 1 


Now (2.93) gives 

and r
1 

= 0, r
0 

= 1, 8
0 

= 0, and a l so  



1 1 
I.. 

rdy = (1 - y )  dy = 
2' 

0 0 

So we have i n  place of (2.98) t h a t  

1 

5 2 pu 2rdy + -k-1 dP- au 
(2.99) 

d z  2k d s  
0 

Similarly, from (2.92) and (2.93) we have 

1 a ao- 2 puOrdy + 2y0 (-) = o ,  (2.100 1 
d? 

0 a Y  0 

with r = 0 ( i .e . ,  y = 1)i n  (2.91) and (2.92). 

Now 

so, since (war)1 = (a@/&) 1 = 0 and 81 = W, and with 

*A11 deductions remain t r u e  fo r  Cl # 0. 
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we get  

(2.101) 

do, 
p u - +  m0(-) ao 

= 0. (2.102 )
d z  ay 0 

(2.96) and (2.99)-(2.102) form a system t h a t  defines the  f l o w  
parameters . 

The veloci ty  and temperature prof i les  a r e  given a s  

LI

u = u R ,  (2.103)1 

m0 - 0  
0 
=(0

1 
- O 0 ) " ,  (2.104) 

i n  which C-2 = 1 - r2 . 
It i s  readi ly  seen t h a t  t h e  in tegra ls  appearing i n  (2.90), 

(2.97), and (2.100)may be expressed i n  terms of t h e  in tegra ls  11, 

12, 14, which have been deduced i n  t h i s  chapter. 



I n  fact 

1 1 1 
U 

0 0 0 0 - u  
pi1 

and similarly 

1 

2

2 pu rdy = pI2’ 
0 

1 


2 J puOrdy = PI
3’ 

0 

This feature enables us t o  put (2.96), (2.99)’ and (2.100)as 

Further, (2.97) gives 

( 2.108) 
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W e  replace y by R i n  (2.101), (2.102), and (2.105)-(2.107) t o  
ge t  

If now we put 

wX = 4x = 4r Rue x, T = 2f, F = 2F,
0 1  

we have a system i d e n t i c a l  with t h a t  considered i n  t h i s  chapter f o r  
p lane-para l le l  flow. 

H e r e ,  as i n  sec t ion  3 ,  we r ead i ly  f ind t h a t  

I 


RelGu, 

A s  i n  sec t ion  6, we f ind t h a t  

W e  determine po (way),and po (a@/ay)o *om (2.31) and (2.36); 

with (2.103) and (2.104) w e  ge t  
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- O6 - oo <a1 - 00 )am6 -
No ($)o = 1-16 -= s 6 

1-16. 

kt R = 1 - r 2  = 1 - (1- y2) = 2y( l  - y), s o  we have = 2 i f  
we neglect 6 r e l a t i v e  t o  one, and then 

n-1- ao 
1-10 (5)= 2u1"s 1-16, 

a Y  0 

It remains t o  find i n  order t o  f ind t h e  res i s tance  and heats 
t r a n s f e r  coeff ic ients .  This i s  readi ly  done from 

hence 

1 


= (  

Then every r e s u l t  obtained fo r  t h e  power p ro f i l e s  (powers m and 
n )  for  a plane-paral le l  channel can be t ransfer red  t o  a c i r cu la r  tube 
having prof i les  i n  powers of the  variable R, provided t h e  length sca les  
are su i tab ly  adjusted.  

It i s  assumed t h a t  t h e  diameter of t he  tube i s  s u f f i c i e n t l y  
large for i t s  curvature not t o  a l ter  t h e  r e s u l t s  substant ia l ly .  

Note t h a t  t h e  flow calculations f o r  a tube can a l s o  be performed 
with power p ro f i l e s ,  but they  are then more cumbrous. 
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CHAPTER I11 


GAS %OW I N  A SYMMETRICALLY HEATED CHANNEL WITH 
PLANE-PARALLZL WALLS : QUALSTATIVE ANALYSIS 

Relationships s i m p l e r  than those i n  chapter I1 are derived 
here, which enable us t o  deduce t h e  character is t ic  features without 
resor t  to computations. 

Dorodnitsyn's var iable  [ 8 ]  enables us t o  simplify t h e  equa
t ions  fo r  t h e  f l o w  of a compressible f lu id  considerably. This 
variable here gives us a system of equations analogous t o  (2.79) or 
(2.9O), but with very simple expressions fo r  t h e  coefficients.  

W e  put 

0 0 

and 

on t h e  assumption t h a t  t he  prof i les  of velocity and stagnation t e m 
perature can be put as 

u = u H n ,  (3 .3)1 

m0 - Oo = ( 01 - Oo) H . (3.4) 

The symbols for  t he  form parameters m and n are as i n  chapter 11, 
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which cannot lead t o  confusion, because only t h e  prof i les  of (3.3) and 
(3.4) are considered here. 

The re l a t ion  of y t o  H is  given by (3.1) and (3.2) as 

whence with t h e  density 

P P 
p = - = -

T 0 - u2 

we have 

The powers of H i n  (3.3) and (3.4) do not remain simple power 
functions i n  the  physical plane ( i .e . ,  i n  y), s o  a l l  t he  r e su l t s  given 
here a re  somewhat qual i ta t ive;  but they a r e  of i n t e re s t  as indicating 
t h e  naAure o f t h e  effects .  

1. System of Equations 

For convenience we rewrite (2.17), (2.l9), (2.20), (2.27), and 
(2.28) a s  



k-1 
1 

u2pdy + - dp
dx 0 2k dx 

1
-d s u@pdy+ p (E) = 0, 

dx 0 ay o 
0 

dp+ -k-1 dp- = -P U  
dx 2k dx 

A s  i n  chapter 11, we assume tha t  (3.3) and (3.4) a r e  applicable 
r igh t  out t o  t h e  wall i n  t he  computation of t he  in tegra ls  appearing i n  
( 3 - 6 ) .  

Now 

1 1
s @ (Y) PdY = I @ (Y (H) ) dH, 

0 0 

i n  which @ is  an a rb i t r a ry  f’unction; then with 

(3.7) 
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1 U2 
1

I = u2dH = -Yuu 2n + 1 
0 

1 m 0  + 0 
0 1 

Y 

I@ = s OdH = m + l  
0 

1 u1 mO0+ (n  + 1) 01 
Iuo= OudH = 

n + l  m + n + l  
0 

and with, as i n  chapter 11, 

(3 .8 )  

(3.9) 

(3.10) 


we have i n  place of (3 .6 ) ,  by use of the equation of state, 

7 1  = G
l u  1 

d- ( T I  I + - -k-1dp 

dx 1uu 2k dx 



au 

- + - 

p'l dU1k-1 dp 
f fPo (-) = 0, 

0 - u2 dx 2k dx aye 
1 1 

dol ao 
p'l -+ mo (-) = 0

(3.13) 

(3.14) 

(3.15) 
0 - u  dx aY 0 
1 1 

W e  a l s o  put y = H = 1i n  (3.5)  t o  get a re la t ion  between 
pressure p and the  variable v on the  axis 1: 

P = 11, (Io - Iuu ). (3.16) 


From (3.11) we have 

so *om (3.12) and (3.14) we f ind by use of (3.11) and (3.16) tha t  

Io - I U U  
du
1 

I 
u 

uu dx Iu dx 0 - u  2 
u1-dx = -Gl 


1 1 


l?rom (3.14) with (3.11), (3.16), and (3.17) we have 
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I au 
- 2k 
k-1 G1 (I

0 
- Iuu>Po (-)of* (3.19) 

aY 

From (3.13) w e  have 

The system of  (3.18)-(3.21) may be put i n  t he  form 

du1 dn dB1 dm z - + z  - + z  - 4 - z  i 4 ~ =  (3.22)'i 
i1 dx i2 ax i3 dx 

(i = 1> 2, 3, 4). 

The coefficients of (3.22) are readily found by the use of 
(3.7)-(3.10). The following table  gives the  general expressions for  
these and also the  results after the  integrals  (3.7)-(3.10) and the i r  
derivatives have been inserted ( the  f i n a l  expressions ). The expres
sions have been s impl i f ied  by the  use of the symbol 
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Coefficients in the System of Equations of (3.22) 


symbo: 

Z
11 


z12 


Z

13 

14 


z21 


z22 


General Expression 


IUU ( I- I alu) -ul(I@-Iuu) 
IUU I

U au, 

0 

0 

2k u1 1 1 


1 1 a1uu 

Iu an I0-Iuu an 

~ 

Final Expression 


2 

Ul
I 


0 

0 

2 
2k U1 1 I+u, 

2k-1 O1-y 2 u1 I-u1 

2Wl 1 




-- 

-- 

Coefficients in the System of Equations of (3.22) 


. --_ 
~ . 

General Expression Final Expression 
__ - _ _  - __ 

2ni-1 00-01 
'24 Io-Iuu am 2 2

(mt.1) I'Ul 

a1  
U 
0 U1-Z33 ao, .ml-rH.1 

z34 


0 0 

0 0 

1 1

z43 


~ 

z44 0 0 



2n+1 

-- 

- -  

I = (a+ 1) = -(m@
0 

+ Q1). (3.23) 
m + l  


The right-hand s ides  of (3.22) a r e  

U - u  2 
z = - - -

2k 1 " O I  1 2 n + 1  m dOo -
2 

k - I n +  1G1 2n+ 1 I - u: m + 1 dx' 

"1 "0 a0 U1 m 	 dlo0-
z 3 = - - - J 

n + l G 1  ' $ 0  n + l m + n + l  dx 

z4 = 
n + l  I - u  2 

A qua l i ta t ive  analysis  i s  possible once t h e  coeff ic ients  of 
(3.22) have been determined. First I consider t he  c r i s i s  effect .  I n  
order t o  include more complicated cases I s t a r t  with one-dimensional 
flow, then consider adiabat ic  flow, and f i n a l l y  t h e  general case. 

2. C r i s i s  i n  a One-Dimensional Flow 

In  t h i s  case p, u, and 0 are constant i n  any given cross-
section; t he  last two equations i n  (3 .6 )becme  meaningless, while 
t h e  first three  reduce t o  one-dimensional equations of  chapter I: 
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du pu -+ 
dx 

PU = G1' 

-k - 1 = - 6 ,  (3.24) 
2k dx 

i n  which and denote t h e  resis tance coeff ic ient  and heat flux
0 

together with some posi t ive factors .  

To these three  we add the  equation of state 

P P 
P = - =  Y 

T 0 - u2 

which, with t h e  first equation of (3.24), can be put as 

PU 
- =  GIJ 
0 - u  2 

so 

W e  subs t i tu te  for dp/dx i n  t h e  second equation of (3.24) and 
use (3.25) t o  get a system i n  u and 0: 



- -  
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dO 
- qo.

dx 

We solve t h i s  for du/dx and dO/dx t o  get 

i n  which 

A = 

1 


Let  A < 0 i n  t h e  i n i t i a l  cross section, which corresponds t o  
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( loca l  subsonic speed ). 

With 1 0  ( i . e . ,  assuming t h a t  t h e  flow i s  adiabat ic  or t h a t  
0 

there  i s  an inf lux  of hea t )  we have 4C 0, so d d d x  > 0, and s o  u 

increases. 

This increase i s  the  more rapid t h e  smaller the  absolute value 
of A. If 0 and u a r e  continuous functions of x, A cannot become 
posi t ive without passing through zero. 

But for  A -+ -0 we have, because 4< 0, t h a t  du/dx + + so 

any solution t o  (3.28) then becomes meaningless. If the  flow could 
continue i n  t h i s  way, we would have A > 0, so d d d x  < 0. But @ in 

creases, s o  A = (k + 1)/(k - 1)- @/u2 must decrease, i.e. A cannot 
become posit ive,  which proves OUT asser t ion.  

The flow here i s  thus possible only up t o  speeds not exceeding 
t h e  speed of sound. 

The condition f o r  onset of c r i s i s  i s  very simple fo r  t he  case 

of one-dimensional flow: $ = (k  - l ) / (k  + l), so t h e  c r i s i s  occurs 
when the  speed equals t he  loca l  speed of  sound. 

The number of variables increases i f  the  flow i s  i n  more 
dimensions ( the form parameters fo r  t h e  veloci ty  and temperature pro
f i l e s  appear), s o  t he  condition of onset becomes more complicated. 

A necessary condition here is  s t i l l  A = 0, i n  which A i s  the  
determinant of t h e  system. It i s  here much more d i f f i c u l t  t o  decide 
whether c r i s i s  ac tua l ly  occurs. I omit t h e  cumbrous expressions and 
assume t h a t  c r i s i s  occurs fo r  q

0 -
> 0, which i s  ju s t i f i ed  by t h e  one-

dimensional theory and by the  experimental evidence. 



3. C r i s i s  i n  an Adiabatic Flow 

Here m = 0, @
0 

= @
1 -- 1, and (3.22) becomes 

d'l an z - + z  - = z  
11 ax l2 dx 1' 

(3.29) 

dnz -+z - = z
2.21 dx 22 ax 

From (3.23) we have I = 2n + 1, while fYom Table 1we have t h e  co
ef f ic ien ts  as 

U2 

2 n + 1 + u l2
2k U1 

21 k - 1 1 - u  u 2 n + 1 - up7 
1 1 1 

2(2n+ 1)2 + u, 
I 

- ~ . _ _-
z22 - - Y 

2(n + 1) (2n + 1) (a+ 1 - ul) 
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z 
1 

= - - u1 (f - l), 
n + l ~  ay o

1 

2k u1 Po 2n + 1 bu 
z2=-

k - l n + l G  2 n + l - u2 (TIof *  

1 1 

The re la t ion  of u1 t o  n a t  t h e  moment of c r i s i s  ( i f  t h i s  occurs) 

i s  found by putting A = 0, with 

Z
zll 12 

A =  

z21 z22 

Then A = 0 i s  found by subst i tut ion and a l i t t l e  manipulation 
as 

-u 
2 k 2  

(2n + 1 - ul) - (2n + 1 + u2) (1- u:) - 2n [(a+ 1)2 + u 2I=O, 
k - 1  1 1 1 

o r  

u14 - 2Bul2 + c = 0, (3 .30)  

i n  which 



- -  

From (3.30) we have 

I 

u2 = B + ' d B 2  - C. (3.31)-
1 


W e  f ind t h e  appropriate s ign fo r  t h e  root by considering t h e  
case n = 0 (one-dimensional flow). From (3.31) we have for t h i s  case 
t h a t  

k k k - 1  k + l  

k + l  k + l  k + l  k + l  

which shows t h a t  we  must take  t h e  minus s ign i n  (3.31). 

Figure 12 shows t h e  r e l a t ion  of u1 to n f o r  t h e  c r i s i s  point 

(curve 1); only for n = 0 i s  t h e  speed a t  t h e  ax i s  equal to t h e  speed 

of sound a t  t h e  moment of c r i s i s  ( u1 = [ (k  - 1)/(k + l)]1/2 = 0.408). 

Then u
1 > [ (k  - 1)/(k + l)]

1/2 
f o r  n # 0, s o  t h e  speed a t  t h e  

ax i s  exceeds t h e  speed of sound a t  t h e  c r i s i s  point.  

The flow for t h e  whole channel must be computed before one can 
say whether a given combination of n and u1 ac tua l ly  occurs a t  t h e  

c r i s i s  point .  

Before I give an example I s h a l l  show t h a t  n cannot be constant 
near t h e  crisis point.  

A s  i n  chapter 11, I assume t h a t  n i s  constant a t  no ( t h e  value 

fo r  x = 0)  over some regions beyond t h e  i n i t i a l  section. Then because 
dn/dx = 0 w e  have 
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zll z1 
- = 0.- z z
21 2 

UI 
0.500 

0.40 


0,460 


0,440 

0,420 

0,400 


0.380 


n 
0 0.02 0.04 0.06 

[Comas represent decimal points]  

Fig. 12. 


Relation of u1 (speed a t  a x i s )  t o  n (form 

parameter) near t h e  c r i s i s  point:  1)a t  
c r i s i s  point;  2 )  a t  point where n begins 
t o  change; 3) speed of sound; 4) variat ion 
of form parameter i n  par t  preceding c r i s i s .  

Substi tution f o r  t h e  elements and simple manipulation give 

2a u1 2 n ( a  + 1 - ul) 
f -A , = - - ( 2 n + 1 ) 2  



- - -  2k U1- ( f  -l)(
k - 1 1 - u  

s o  with A, = 0 we  have 

2 n + l + u 	2 
1 

2 

2 

1 


2 
2k 1 

2 2 2 -2k 
-, 

u2
1 

2n(2n + 1 - ul) a + 1 + ul 2k 1 
~- 

k - 1 1 - u  21 (a+1)2 2n + 1 - u2
1 

k - 11 - u 2 
1 

This f i s  close t o  one fo r  u. small; f decreases as u increases
1 1 

i f  n i s  constant, and it f i n a l l y  becomes negative when u
1 

= u
If '  

This 

means t h a t  A
2 

= 0 i s  possible only u n t i l  f = 0, i . e .  

2 
2k u1 1 2 n + l + u1 (3.33)-- = . -

Let x be t h e  x a t  which f = 0; i f  x > x we assume t h a t  f = 0 
f C f ' 

everywhere i n  t h e  range [x ,x 1, and i n  t h i s  range we do not have 
f c 

A2 = 0, s o  n cannot be constant from xf onwards. 

The r e l a t ion  of u
1

t o  n f o r  x = x
f 

i s  given by (3.33) or 
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Figure 12 shows t h a t  any value of t h e  form parameter d i f fe r ing  
from zero can remain constant only up t o  cer ta in  speeds a t  t h e  axis, 
which are always less than t h e  speed of sound. Only i n  t h e  one-
dimensional case (n = 0)  can t h e  parameter remain constant up t o  t h e  
speed of sound. 

This indicates t h a t  c r i s i s  occurs fo r  n > 0 only af ter  n has 
begun t o  vary, i .e. ,  i n  t h e  par t  where f = 0. 

I n  t h e  determinant 

ZZ
1 12

4= 
Z Z 

2 22 

w e  put f = 0 t o  get 

U1 2 (2)(2n + 1) 
2 

+ u1 
2 

J (3.34)
2a , = -

(n + 1) 
2 
(2n + 1)G1 O 2 n + 1 - u l  

which implies t h a t  Al < 0, s o  c r i s i s  does occur, and then du /dx .+ + co 
because A < 0. 

The var ia t ion i n  n between curves 2 and 1of Fig. 12 may be 
found from t h e  re la t ion  of n t o  u1i n  t h i s  range. The simplest 

quantity t o  find i s  

dn dn d'l 4 

Ill1 




W e  put f = 0 i n  (3.32) and divide by (3.34) t o  get 

(2n+1)2 + u 	2 
1 

Figure 12 (curve 4 )  shows results f r o m  numerical integration; 
n = l/7 w 0.143 (up t o  curve 2 )  has been used here. 

Figure 12 indicates  t h a t  n decreases beyond curve 2, which 
means tha t  t h e  p ro f i l e  f l a t t ens  out i n  t h e  precr i s i s  section. 

dn/du 1 tends t o  a f i n i t e  l i m i t  as t h e  c r i s i s  point i s  ap

proached, as i s  eas i ly  shown from t h e  fact  t h a t  t h e  second fYaction 
on t h e  r igh t  i n  (3.35) becomes 2nd a t  t h e  c r i s i s  point [ t h i s  r e l a t ion  
of  u1 t o  n derives from (3.31)]. Then f o r  x -+ xc we have 

dn (n  + 1)(2n + 1) 
- - t - - 2n. (3.36) 

This means t h a t  i n  a l l  cases where it i s  possible it i s  much more 
convenient t o  perform calculations near t h e  c r i s i s  point by taking 
as our independent var iable  u1’ not t h e  longitudinal coordinate. 

For x + xc we have du
1
/dx -, + m, while (3.36) implies t h a t  

dn/dx) = (dn/dul) (d?/dx) -, - a t  t h i s  point. 

Consider t h e  mean speed a t  t h e  c r i s i s  point. W e  have from 
section 1t h a t  

0 
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1 


(3.37) 

Figure 13 shows t h e  r e l a t ion  of u t o  n a t  t h i s  point; onlym 
for n = 0 i s  % equal t o  t h e  speed of sound, while for n > 0 it is 

always grea te r  than t h a t  speed. 

[Commas represent decimal points]  

Fig. 13. 

Mean veloci ty  u m as a function of form para

meter n a t  t h e  c r i s i s  point;  t h e  s t r a igh t  
l i n e  corresponds t o  t h e  speed of sound. 

The r e s u l t s  may be summarized as follows. 

Adiabatic flow i n  a plane-paral le l  channel i s  possible  with a 
constant veloci ty-prof i le  form parameter n only up t o  cer ta in  values 
of t h e  speed a t  t h e  axis, which are less than t h e  speed of sound. 



121 


Past t h i s  point we have a precr i s i s  section, i n  which t h e  form para
m e t e r  must decrease ( the  flow i s  accompanied by f la t ten ing  of  t h e  
veloci ty  prof i le ) .  The c r i s i s  sets i n  when t h e  speed a t  t h e  ax i s  
and t h e  mean speed exceed the  speed of sound; dul/dx -f + m and 

dn/dx + - m simultaneously as x xc. 

4. 	 Adiabatic Flow: Behavior of a Stream =ne 
Near the  Axis of t h e  Channel 

The poss ib i l i t y  of t r ans i t i on  through t h e  speed o f  sound near 
t h e  ax is  i s  a consequence of t h e  special  conditions t h a t  arise i n  
t h e  precr i s i s  part. These conditions can be found by considering 
the  behavior of a s t r e a m  l i n e  near t he  axis.  

Let  y = y(u2 ) be t h e  equation of a stream l i n e  i n  coordinates
1 

2 y and u
1 

(Fig. 14). “he flow rate between two such l i nes  ( i n  par

t i cu la r ,  between a l i n e  and t h e  wall) must remain constant: 

Y 


s pudy = GY = const, 

0 

or 


But f r o m  (3.7) and (3.11) we have ?l u /(n+l) = G, so11 

1
-
n + l  

H = (2) ( 3 . 3 8 )  
G1 
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H on a stream l i n e  i s  thus constant w h i l e  n i s  constant, and 
decrease i n  n i s  accompanied by decrease i n  H. 

0,9750s A 

0,9745 


0.9740 


0.9585 


0.9580 


0.9575 

0,9570 4 

O.!OO 0,120 0.140 O,/SO 0,180 0,200 0,220 

[Commas represent decimal points] 

Fig. 14. 


Behavior of stream l i nes  near t he  ax is  
of a channel. The p rec r i s i s  section 
starts a t  AA. G3/G1 as follows: 

1) 0.97; 2 )  0.95. 

(3.5) gives t he  re la t ion  of y t o  H, i s  w e  put 0 = 1 (since 
adiabatic flow i s  envisaged ) : 

y = -s  (1- u2) dH. 
P 

0 

From (3 .8 ) ,  (3.9), and (3.16) w e  have 

2n+l 

Y =  
2n + 1 ( - 2 H-),

2 2n + 12 n + 1 - u  
1 

or 




2n 22 n + 1 - H  u 
y = H  1 (3.39) 

h 


This last equation shows t h a t  y increases with u1 when H i s  

constant ( i . e . ,  n i s  constant), because H < 1; the  l i n e s  converge on 
the  axis .  I n  t h e  p rec r i s i s  part they start t o  diverge slowly ( R g .
14), which produces t h e  conditions for t h e  t r ans i t i on  through t h e  
speed of sound near  t h e  ax i s  not far from t h e  reversal  of gradient 
i n  t h e  stream l ines  ( see  chapter I).  

5. Physical Meaning of t he  Crisis 

This can be elucidated by considering the  behavior of t he  
stream l ines  throughout t h e  channel. 

Subsonic and supersonic speeds both occur i n  t h e  p rec r i s i s  
par t .  The equation for t h e  l i n e  of t r ans i t i on  through t h e  speed of  
sound i s  found a s  follows. The speed of  sound corresponds t o  u = 

d2 
= [ (k  - l ) / (k  + l)] , so on t h i s  l i n e  we must have 

J = ulH n , 

hence 

in which u1
and n are re la ted  by (3.35), which has been integrated 

above (Fig. 12, curve 3 ) .  

We subs t i tu te  for H -om (3.39) and (3.40) t o  get t h e  r e l a t ion  
of y t o  u1' Figure 15 shows t h e  t r ans i t i on  l i n e  OK, which indicates  
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t h a t  t h e  t r ans i t i on  occurs f i r s t  a t  t h e  ax is  (section CA) and then 
spreads outwards t o  t h e  w a l l .  O 'K i s  t h e  c r i s i s  section. 

[Commas represent decimal points]  

Fig. 15 .  

Line o f  t r ans i t i on  through 
t h e  speed of sound: I )  sub
sonic region; 11) supersonic 
region; OK) t r ans i t i on  l i n e .  

Consider t h e  behavior of a stream l i n e  close t o  t h a t  passing 
through K. 

Subscript K i s  used with t h e  quant i t ies  here, and (3.39) i s  
wri t ten for t h i s  point t o  find %. Then (3.38), with n = nK, gives 

us ( GY/ G  1 K  for t h i s  l i n e  through K; we give G41values close t o) G 

t h i s  t o  find fYom (3.39) a ser ies  o f  l i nes  close t o  t h a t  passing 
through K. 

Figure 16 shows t h e  resu l t s ;  t h e  stream l ines  diverge near K, 
t h e  degree of divergence scarcely varying from l i n e  t o  l i ne .  



The resis tance increases as t h e  w a l l  i s  approached, so it i s  
c lear  t h a t  a current tube near K shows t h e  following effects .  The 
resis tance and degree of divergence i n  tube 1-2 are such that t h e  
speed can pass through t h a t  of sound, whereas an elementary tube 
enclosing K has a r e l a t ion  of res is tance t o  degree of divergence 
such tha t  t h i s  t r ans i t i on  cannot occur; l oca l  c r i s i s  occurs i n  t h i s  
tube. 

Y 

0.345 


0.343 

0.341 

0.339 

0.337 

0.335 

0,333 

0,331 

0.329 

0.450 0,455 


[commas represent decimal points I .  

Fig. 16. 

Physical meaning of c r i s i s :  KK' t r ans i 
t i o n  l ine ;  1and 2 stream l ines .  

The c r i s i s  i s  thus due t o  the  impossibil i ty of t r ans i t i on  
through the  speed of sound f o r  one of  t h e  stream l ines .  

6. Resistance Coefficient for Adiabatic Flow 

I n  section 6 of chapter I1 we derived (2.37) f o r  t h e  resis tance 
coefficient,  which f o r  an adiabat ic  flow may be put i n  t h e  form* 

*It is  assumed t h a t  p6 w 1. 
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ReGlum 

Let HIy=6 = H6; we put y = 6 i n  (3.1) and neglect u2 as being 

small r e l a t ive  t o  one t o  get 

6 6 

7 ,  = J PdY = P J -2 d Y  
P6, 

0 1 - u0 

so 

We find p/T 1 a s  i n  t h e  deduction of (3.39) t o  get 

22 n + l - u  
H6 = 6. 

2 n + 1  

(2.32) gives us 6 a s  

vO 

so, with* v0 

*p = 1i s  t h e  assumption i n  (2.33). 



n 
N (2n + 1 - u:> gn+l 

P = 157. (3.42)R e  u1 2n + 1 

W e  find p f r o m  the equations used i n  deducing (3.39), namely 

p = v ( l - I  ), G = V I ,  
1 uu 1 l u  

so 

1 - I, 2n + 1 - u: n + 1 
p = G  = G

1 2 n + 1  
(3.43)

1 1 U 
U 1 

This p i s  inser ted i n t o  (3.42) t o  give 

1-
n+l 

6 = -2n + 1 ( 1 5 1 . L  
2 n + l - u  2 G E ~n + l

1 1 

Then (3.41) readily gives 

2 N 1-n-
6 =-- 8 2 n + 1  (1 -2) (n + I)][-G Re  

ReG n + 1 2n 157 
1 

(3.44) 
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Figure 17 shows 6 as a function of M* as  calculated fl-om (3.44). 

There i s  a subs tan t ia l  r i s e  i n  Q a f t e r  some decrease, which 
might a t  first s ight  appear t o  conf l ic t  with experiment [6, 311, which 
indicates  t h a t  6 decreases rapidly as t h e  c r i s i s  i s  approached*. The 
conf l ic t  a r i s e s  because t h e  experiments were worked up i n  [6, 311 on the  
assumption t h a t  t h e  flow was one-dimensional up t o  the  c r i s i s  point.  
We s h a l l  see t h a t  t h i s  leads t o  r e su l t s  subs tan t ia l ly  d i f fe ren t  from 
those given by a more detai led study of t h e  p rec r i s i s  section. 

[commas represent decimal points]  

Fig. 17. 

Relation of 6 t o  M*. 

Let w be the  mean flow speed; th i s  i s  re la ted t o  the  pressure 
via  (3.37) and (3.43) a s  follows: 

*Results analogous t o  those of [6, 311 were published elsewhere [59] as  
t h i s  manuscript was being prepared fo r  press .  



2 

1 - w  2 + n 

2n + 1 
P = G, 

The above workers used t h i s  with n = 0, together with t h e  equa
t i o n  of continuity, t o  deduce t h e  mean speed from the  measured pres
sure dis t r ibut ion.  I n  fact ,  n i s  small and decreases as t h e  c r i s i s  
point i s  approached, so t h e  speeds found i n  t h i s  way are very close t o  
t h e  t r u e  ones. On t h e  other hand, t h e  resul t ing are substant ia l ly  
d i f fe ren t  from those given by the  fill theory. 

The reason i s  essent ia l ly  tha t  within the  framework of t h e  one-
dimensional theory it i s  impossible t o  obtain a speed i n  excess of 
t h a t  of sound. 

W e  have already seen t h a t  t h e  c r i s i s  occurs a t  speeds i n  ex
cess of t h a t  of sound, although not by very much; but t h i s  rad ica l ly  
alters a l l  our concepts and causes a var ia t ion i n  6 quite  d i f fe ren t  
from t h a t  derived from one-dimensional considerations. 

This point i s  of considerable importance, s o  I consider it i n  
somewhat more d e t a i l .  

A s  i n  [6, 311, we deduce 6 =om (2.25), but here we  allow for  
possible change i n  t h e  veloci ty  prof i le .  

Ftrom (2.25) 

8 
wRe 2kG1 dx dx 

W e  derived dp/dx from (3.45) and convert from w t o  M 
)c 

on t h e  bas i s  of 

(1.47) t o  get . 
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i n  which 

2 2 n + l-n *) . (3.47)5 =  
2n + 1 2n + 1'* dM* 

( 3 . 4 6 )  shows t h a t  t h e  change i n  prof i le  causes us t o  add t o  t h e  
6 found i n  t h e  usual way (termed 5 )

0 

(3.48) 

a correction ~ 6 :  

(3.49) 

i n  which 5 i s  given by (3.47). W e  have seen i n  section 3 t h a t  d d d u
1 

0, so  dn/dM* 50,  and hence 5 2 0 a t  a l l  t i m e s ,  whence f'rom (3.49) we 

have Ac 2 0. 

Then 

6 = 6 + AC, ( 3 . 5 0 )
0 

i n  which t h e  terms a r e  given by (3.48) and (3.49). 

Ac i s  not important while M* e 1, t h e  more so  since n 1; hence 

5 i s  qui te  small. 



However, 5 + 0 when M* .--) 1, because (a difference from the
0 

one-dimensional case ) dM*/dx -+ only when M* -+ M, > 1. Then 
C 

t h e  behavior of 6 near M* = 1 i s  completely governed by t h a t  of AC, 

which (3.49) shows t o  increase as t h e  c r i s i s  point i s  approached. 

The treatment i n  [6, 311 gave 6 which i s  close to 6 only i f  
0, 

M* e 1. 
The 6 of (3.50) has, from (2.37), a de f in i t e  physical s ign i f i 

cance: it i s  t h e  r a t i o  of t h e  f r i c t iona l  stress a t  t h e  w a l l  t o  t h e  
mean momentum i n  tha t  cross-section. This i s  merely a calculated 
quantity and has no d i r ec t  physical existence. Deductions on t h e  on
set of c r i s i s  from boundary-layer theory require t h a t  6 should be

0 
have as i n  Fig. 18, as implied by (3.48). W e  must have dM*/dx -+ + co 
for M* -+ M,c > 1, so  (3.48) gives 6 .--) - f o r  M* -+ i s  

0 M*C 

close t o  one, s o  5 must f a l l  rapidly as M* -+ 1, as i s  found [6,311. 
0 

Fig. 18. 


Relation of 5 to M*.
0 



5 	> 0 always, so  (3.49) gives Ac -, + for  M* + M ; then 
*c 

6 tends t o  a de f in i t e  l i m i t  as M* + (Fig. 17), and t h e  approach
M*C 

t o  t h e  c r i s i s  point i s  accompanied by an increase i n  t h e  resis tance 
coeff ic ient  . 

Note t h a t  (3 .46)  gives us a r e l a t ion  of n t o  u
1 

near t h e  c r i s i s  

point.  With dMJdx = O3 we have 

It can be shown t h a t  t h i s  equation agrees with (3 .30) .  

These r e su l t s  show t h a t  t h e  6 appearing i n  t h e  one-dimensional 
equations must be determined for t h e  changing veloci ty  p ro f i l e  near 
t h e  c r i s i s  point.  This means t h a t  we cannot determine 6 from t h e  
pressure change and conditions of continuity alone; experimental de
termination of 6 i s  meaningful only i f  t h e  f r i c t i o n a l  stress i s  
measured d i r ec t ly  OF i f  t h e  velocity p ro f i l e  i s  recorded. I n  e i the r  
case t h e  experiments are very d i f f i c u l t ,  because even smallper turba
t ions  can cause major disturbance near t h e  c r i s i s  point.  

The experiments reported i n  [6] provide a general confirmation 
of t h e  present theore t ica l  deductions. These r e su l t s  [6] reveal an 
obvious discrepancy between t h e  pressures measured on an end section of 
t h e  tube and those calculated from t h e  one-dimensional theory of t h e  
c r i t i c a l  pressure. The ac tua l  pressure was less than t h e  calculated 
c r i t i c a l  value, which points t o  t h e  attainment of supersonic veloci t ies  
a t  t h e  exi t .  

7. I n i t i a l  Section of an Adiabatic Flow 

Section 12 of chapter I1 implies t h a t  system (3.29) must be 
integrated subject t o  f = 0 for t h i s  case, t h e  i n i t i a l  conditions being 
n = O a n d u  = u  a t  x = 0. 

1 i 


(3.35) describes t h e  re la t ion  of n t o  u1 i n  t h i s  section, and it 

indicates t h a t  d d d u
1

> 0 fo r  u: 
1 

[ (k - l ) / (k  + l)] (subsonic speeds a t  
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i n l e t ) ,  so  n increases with u1 f ' rom 0 t o  l/7, which corresponds t o  t h e  

i n i t i a l  ( s t ab i l i za t ion )  section ( fo r  R e  < 105 ). Figure 19 shows re
la t ions  of n t o  u1calculated by numerical integration of (3.35) fo r  

u of 0.122 and 0.061, which correspond t o  M*. of about 0.3 and 0.15.
i 

This section then begins a t  u1/u 
li 

of about 1.17and 1.14 i n  

t h e  two cases. 

1.14 1.16 	 u1-
*li 

[Commas represent decimal points]  

Fig. 19. 


Relation of  n t o  ul fo r  t h e  i n i t i a l  sec


t i o n  of an adiabat ic  flow; ul: 

1)0.122 (M*i w 0.3); 2 )  0.061 (MM - 0.15) 

The length of t h i s  sect ion is  found as fol lows:  (3.29) gives 
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so 

Ui 

The r e l a t ion  of n t o  u1 derived by integrat ion of (3.35) should 

be used t o  compute t h i s  in tegra l .  

Figure 20 shows t h e  r e l a t ion  of n t o  RGx/4. 

This gives a length much less than t h a t  found by experiment
[23,49] (see chapter II), although t h e  computations agree with theory 
[45]. Calculations on t h i s  part need fur ther  refinement. 

n 

415 

qro 

' 2 4 6 8 1 0 1 2 

[Commas represent decimal points] 

Fig. 20. 

Relation of n t o  r a t i o  of length t o  
hydraulic diameter of channel fo r  
Qi of: 1)0.3; 2 )  0.15. 
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8 .  C r i s i s  i n  a Flow with Heat Transfer 

Here we derive relationships analogous t o  those of section 3, 
but with m # 0 and 0 # 1 (heat t ransfer  present). 

The determinant of (3.22) must be equated t o  zero t o  find t h e  
conditions of onset. From Table 1 fo r  Z13 = Z14 = Z31 = Z42 = Z44 

= 0, we obtain 

z ozll 12 

z 
21 

z 
22 

z 
24 

= 0. (3.51) 

o	 z z 
32 34 

Inser t ing t h e  coeff ic ients  and reject ing t h e  t r i v i a l  solution 
0 = W, we have
1 0 

-"1 22k 2 (I - "1) - (I + U F )  (0, - U-J2 
k - 1  

or  

4 / 2u1 - 2 B u  1+ C ' = O ,  (3.52) 

*System (3.22) consists of two equations, not four, i f  = oo. 



i n  which 

% + 1 2C' = 
k - 1  

[ I + (2n + 1) I (I - 1)+ m (4(o0 -Q~)(I - @,-)I
k + l  m + l  

as I is  given by (3.23). 

As  we would expect, (3.52) becomes the par t icu lar  case (3.30) when 
os = Q0 ( o r  m = 0). 

Now 5 is  referred t o  the l imit ing speed a t  the  center of the 

channel a t  the i n l e t ,  The stagnation temperature 0 of the gas, and 
hence a l so  t h i s  speed, var ies  along the length and along the width, s o  
it i s  bes t  t o  use the speed referred t o  the  corresponding l imit ing speed 
i n  order t o  characterize e f fec ts  i n  any section of the  channel, including 

wethe  c r i t i c a l  onea From (lo&) put 

U

1 

But V 2 V1 i f  the gas is  heated; i n  f ac t ,  i n  t h i s  case 

We divide (3.52) by Q2 and put 
1 

0 m + l  0 
1 1 

t o  get 
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4v1 - 2BV2 + c = 0, (3.53)1 

i n  which 

k 
B = - J, 

k + l  

c = -k - 1  [ J +  ( 2 n + 1 )  J (J - l ) + m ( - ) ( ;  
2n + 1 2 00 - l ) ( J  - 1) 

k + l  m +  1 1 

A s  i n  sect ion 3, we  can show t h a t  t h e  required solut ion of 
(3.53) i s  

V	
2 

= B - (3.54)1 

There i s  a d e f i n i t e  r e l a t i o n  of u1 t o  n f o r  adiabat ic  flow; 

(3.53) shows t h a t  t h e  r e l a t i o n  of u
1

t o  m and n a t  t h e  c r i s i s  point 

@i s  a l s o  affected by 0dl i n  t h e  case of heat t r ans fe r .  

Figures 21 and 22 show r e s u l t s  from calculat ions for  V
1

a t  t h e  

0c r i s i s  point f o r  0d l .  of 1.5 and 2. The c r i s i s  point can occur f o r  

various combinations of m and n; as f o r  adiabat ic  flow, we have t o  
consider t h e  flow i n  t h e  whole channel t o  determine whether it w i l l  
a c t u a l l y  occur. 

I w i l l  show t h a t  t h e  two p ro f i l e s  f l a t t e n  out as t h e  c r i s i s  
point i s  approached i f  t h e  gas does not cool. From (3.22) we f ind 
t h a t  



[Commas represent decimal points] 

Fig. 21. Fig. 22. 

Relation of V (axial velocity a t  Relation of V
1 

t o  m and n for 
1 

c r i s i s  point)  t o  m and n for = 2 for m of: 1) 0 ;  2) 0.06; 
0 0 = 1.5 and m of: 1) 0;
dl 3 )  0.12. 
2) 0.06; 3 )  0.12. 
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i n  which t h e  A are determinants. W e  subst i tute  for  t h e  coeff ic ients  
and apply (3.53) fo r  t he  c r i s i s  point t o  get t ha t  

(3.55) 

(3.56)
du n + 1 du 
1 1 

0 2 @ i f  t h e  gas does not cool, and 
0 1 

so  (3.55) gives d d d u  e 0, and (3.56) gives d d d u  0. Continuity 
1 1 

implies t h a t  these inequal i t ies  must a l s o  apply i n  t h e  neighborhood of 
t h e  c r i s i s  point, so t h e  two profiles f l a t t e n  out as t h a t  point i s  
approached. 
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9. 	 Transition Through t h e  Speed of Sound Near 
the  Axis of t h e  Channel 

Figures 21  and 22 show t h a t  t h e  speed a t  the axis exceeds t h e  
speed of sound a t  t h e  point o f  c r i s i s  when m # 0 and n # 0 .  It i s  
a l s o  easy t o  show t h a t  t h e  u of (3.37) exceeds t h a t  speed a t  t h a t  

m 
point.  

This poss ib i l i t y  i s  re la ted t o  t h e  spec ia l  behavior of t h e  
stream l ines  i n  the precr i s i s  region, as i n  t h e  case of adiabatic flow. 

This can be demonstrated from t h e  theory of t h e  boundary layer 
[261 

For simplicity I consider only laminar flow, 
flow does not d i f f e r  essent ia l ly  fYom laminar, and 
only i n  qua l i ta t ive  resu l t s .  

From (2.11) and (2.12) we have 

p = p ( 0  - 2 >, 

so 

dP a P  au
- = ( O - U  

2 ) - +  p -ao - 2 u p - .  
dx ax ax ax 

From (2.10), t h e  equation of continuity, we  have 

because turbulent 
we  are interested 

(3.57) 

i n  which from (2.11) and (2.12) we can make the  subst i tut ion 
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aP au a0 
- =  P 
2 2  

(2, ay - - ) =  -P ( 2 u  ay - 

a Y  (0 - u ) a Y  0 - u2 au a Y  1' 


so 

- ;- =  R% VP 2u aU ) - e ( - + R " e ) .  
ax u(O - u 2 ) a Y  a Y  

This ap/ax i s  inserted in (3.57) and (2.12) i s  used t o  give 

Then (2.12) i s  replaced by 

- au - av u -a, + Re v 
a,- = 

k - ( - f Re - ) +  k-'( 2U 
ax a Y  2k u ax aY 2k ax ax 

or 


k - l T a u  k - 1  
u-

bu 
= - R e v  - + k - 1 ~ I - a ~  

u - - - - - - -
- a, 

R e  - -ax 2k u ax k ax aY 2k u by 

k - 1 - au l a  
+ - R e v - + - 

2k k ay P a Y  

IS 
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This l a s t ,  transformed s l i g h t l y  with t h e  a i d  of (2.9), may be 
put as 

k - 1 - aU 
R e v - ,  

2k k a Y  

or, with M2 = 2u2/T(k - 1)and fur ther  manipulation, 

Here w a y  > 0, because the  speed increases *om wall t o  axis ,  

and a2d a y
2 < 0, since the  veloci ty  p r o f i l e  i s  convex downstream. I n  

t he  case of heating, m/aY < o and a20/ay2 0 .  

Further, 



because 

v > 0 a t  t h e  start; v = 0 a t  t h e  axis ,  so av/ay > 0 near t h e  
a x i s .  

Then a l l  t h e  terms on t h e  r igh t  i n  (3.58) are pos i t ive  near t h e  
axis ,  so  a d a x  > 0 (veloci ty  near t h e  axis increases)  for M < 1. 

Balancing of t he  heating and f’rictional e f f ec t s  i s  possible only 
i f  v e 0 for  M = 1and la ter  points.  This means t h a t  a stream l i n e  
t h a t  approaches t h e  a x i s  a t  t h e  start W i l l  come c loses t  t o  it a t  some 
point and then will bend away again. 



cmmm I V  

RESULTS OF CcR.IpuTATIONS 

1. Selection of Conditions and Computation Parameters 

The general deductions made i n  chapter I11 lead us t o  perform 
computations designed t o  elucidate t h e  e f fec ts  of various types of heat 
inf lux on t h e  coeff ic ients  of heat t r ans fe r  and resistance,  and also 
on t h e  onset of t h e  c r i s i s .  I begin with m = n = 0 ( i n i t i a l  pa r t ) .  

We put @ = 1i n  (2.35) fo r  simplicity; (2.79) is  solved ( the  

w a l l  temperature is  assumed given). R e  > 105 i s  avoided, and a l s o  t h e  
region of very low Re, by means of a preliminary estimate of t h e  
var ia t ion i n  R e  alocg t h e  channel; t h e  one-dimensional theory can be 
used for t h i s .  

From (2.57) we have 

so,  using t h e  equation of continuity with 7 = T/@, w e  have 

because t h e  temperature scale  has been chosen t o  make oi = 1. Refie i 
w 5 l l  be governed by M

*f 
and @

0 
i f  the  flow i s  taken as far as t h e  c r i s i s  

point ( i .e. ,  t o  M*f = 1): 



Rei T ( 1 )  of 
(4.1) 

For adiabatic flow 

Fig. 23. 

Relation of r a t i o  of R e  t o  R e  against  M for  
f i *i 

adiabat ic  flow; M = 1.
*f 

Figure 23 implies t h a t  ( R edR e
i )a  

i s  suf f ic ien t ly  close t o  one 

and varies l i t t l e  with M
*i 

fo r  M* 
i 

< 0.5, so we are reasonably free t o  

choose MSi. Reasonable l imit ing lengths fo r  t h e  channels are obtained, 

together with only minor e f f ec t s  from compressibility a t  t h e  i n l e t ,  by 

I 
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putting M
*i 

= 0.3; then R e  
f

/Re.=
1 

1.18. 

(4.1)  shows t h a t  R e  < R e  for  su f f i c i en t ly  high degrees of 
f i 

heating; but R e  R e  fo r  adiabatic flow, s o  R e  m u s t  be  chosen from 
i f i 

t h e  condition t h a t  R ea < 105, s o  R e  < R e  < Rea < 105 . With R e  = 
f f i f i 

= 8 x 10
4 

we have R e
a 

< 1.18 x 8 x 104 < lo5. 
f 

(1.63) gives us 0f’ for 0f < 0f 5 = 0  ~ 6 . 8 ,so (4.1)givesI 
Re > 1.4 x 104.
f 

I consider only cases i n  which t h e  temperature does not decrease 
along t h e  length. 

With 0o i  = 1.1 and Oof/Ooi < 5 we get Of < 0of < 50o i  = 5.5. 

Then a r i se  i n  wall temperature by not more than a Tactor f ive  
i s  bound t o  give us t h e  required range of var ia t ion i n  gas temperature. 

The l imit ing length o f t h e  channel can be estimated with 5 = 0.022, 

which corresponds t o  an average R e  of about 4 x 10
4. 

r v -

Heat supply a t  t h e  ex i t  gives us ReL
1
/4 = 265, from (1.55), 

(1.56), and (2.7) together with t h e  fac t  t h a t  t h e  hydraulic diameter i s  
twice t h e  width of t h e  channel. 

The l imit ing length i s  less i n  t h e  general case of heat t ransfer ,  
so, if we assume t h a t  t h e  wall temperature reaches 0 = 50 when 

O f  o i  
N 

R e d 4  = 265, we cer ta in ly  have 0
of < 50o i  when x reaches i t s  l imiting 

value. 

Linear and exponential forms are taken for  t h e  re la t ion  of @
0 

t o  

X: 

... . 
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1 

1
0 = - ~ . ( l + e1 A2T Rex 1.

0 2 

With 0
o i  

= 1.1and 0 
0 

= 50
o i  

f o r  z e d 4  = 265, we have two equations 

fo r  0
0' 

1-
O0 = 1.1 + 0.015 

4 
- Rex; (4.2) 

It i s  a i s o  of i n t e r e s t  t o  examine a fixed small wall temperature
0 = 1.1and a l s o  adiabat ic  flow (0 = 1). 

0 0 

There are then four d i s t i n c t  d i s t r ibu t ions :  

I. 00 = 1, 

11. 0 = 1.1,
0 

111. 0 = 1.1 + 0.015 1- Rex, 

0 4 

2 4IV. 0O ==(I+ e 
0.0083 1 Eex) 

It remains t o  find t h e  i n i t i a l  conditions and t h e  constants. 

W e  assme m = n = 0 f o r  x = 0, a l so ,  5i = 1, i n  accordance with 

t h e  choice of temperature scale ,  and M
*i 

= 0.3, which corresponds t o  



u = 0.1224. 

i 


The i n i t i a l  conditions i d e n t i c a l  f o r  a l l  four cases for  x = 0 
are then 

u = 0.1224, 0 = 1, m = n = O .  

i 1 


N 

R e  and G are a l s o  t h e  same f o r  a l l .  
1 


Here 

N 5 

and s o  R e  = 1.68 x 10 . 


G i s  found because m = n = 0 a t  t h e  i n l e t ,  s o  

1 


For a i r  
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so 

G1 = 0.259 g (0.3) = 0.118. 

2. Sequence of Computation 

A numerical method may be used t o  program (2.79) f o r  computer 
solution. The following feature must be taken i n t o  consideration here. 

The computation for t h e  i n i t i a l  and main sections i s  performed 
i n  three stages. 

Stage I 

e f = F = 0, t h i s  stage ends when we obtain e i the r  n = 
= J7 or m = 

Stage I1 

1. If n = d7 a t  t h e  end of stage I, we have n = d7 and F = 0 
everywhere i n  stage 11, while f i s  given by t h e  condition of compatibility 
for (2.79): 

The integrat ion i s  continued u n t i l  m = d7. 



2.  If m = l/7 a t  t h e  end of sta e I , , w e  have m = l/7 and f = 0 
everywhere i n  stage 11, while F = (do1Lx)/N 4. 

The completion of stage I1 brings us t o  t h e  end of t h e  i n i t i a l  
section. 

Section I11 

This sta e corresponds t o  t h e  main section, which i s  computed 
with m = n = l./7, f and F being found from t h e  condition of compatibility 
i n  accordance with sect ion 10 of chapter 11. 

3. Adiabatic Flow 

Figures 24-28 give r e su l t s  f o r  adiabat ic  flow (case I of section l)*. 

Figures 24 and 25 show t h a t  f = 0 when u = 0.4 , so n cannot 
1 

remain constant f o r  u > 0.4 i f  we  assume t h a t  (2.79) s t i l l  applies,
1 

since t h i s  would imply negative f ,  which i s  impossible [see (2.82)]. 
This means t h a t  we must assume tha t  n varies f o r  u > 0.4. The only

1 
acceptable assumption for  f i n  boundary-layer theory i s  f = 0 fo r  
u > 0.4. 

Then df/dx (for f as a function of  X )  i s  discont,inuous a t  
X Y 345.5 (Fig. 26; t h i s  corresponds t o  u

1
s 0.4), s o  it would be more 

correct t o  assume tha t  n starts t o  vary as f -.+ 0. 

However, t h i s  introduces no major change i n t o  t h e  r e su l t s  : Fig. 27 /10 
shows t h a t  n var ies  only very slowly for X > 345.5, which indieates t h a t  f l a 7  

tening o f t h e  p ro f i l e  i n  t h e  p rec r i s i s  section. The qua l i ta t ive  de

ductions of chapter I11 are thus confirmed. Figure 28 shows t h e  change 

i n  t h e  veloci ty  p ro f i l e  i n  t h e  precr i s i s  par t .  


Special a t ten t ion  must be given t o  t h e  r e su l t s  for  t h e  i n i t i a l  

* A l l  curves i n  t h i s  chapter a r e  given as functions of X = Eed4 (l.e.,  
of t h e  current length of t h e  channel referred t o  t h e  hydraulic diameter). 

1 



section, whose length i s  found t o  be small r e l a t ive  t o  values indicated 
by experiment [23, 491, as i n  chapter 111. 

X 
1 300 350 

Fig. 24. 

Mean speed u and speed a t  channel ax is  u1 as m 
functions of X with adiabat ic  flow fo r  t h e  main 
section: 1) um; 2)  u . 

1 

However, t h e  results obtained here show t h a t  be t t e r  agreement 
with experiment i s  obtained i f  t h e  computation i s  performed with some 
care. Figure 25 shows t h a t  f jumps from O t o  0.963 a t  X = 12.6 (junction 
of i n i t i a l  and main par ts) ;  i f  we eliminate t h i s  discontinuity (e.g., 
by a method analogous t o  t h a t  given i n  [29 ]  fo r  laminar flow), w e  find 
tha t  t h e  length of t h e  i n i t i a l  sect ion increases. 

4. Flow With H e a t  Transfer 

Cases 1 1 - I V  of section 1apply here; Fig. 29 shows t h a t  m > n 
i n  t h e  i n i t i a l  section i n  cases I1 and IV,  while m < n there  f o r  case 
111. I n  case I V  m and n become L/7 almost simultaneously; i n  11, m 
reaches l/7 earlier than n; and i n  111, n reaches d7 before m. 

The various modes of inflow of heat thus cause d i f fe ren t  modes 
of variation i n  t h e  form parameters i n  t h e  i n i t i a l  section. 



Relation of f t o  current length of 
channel f o r  adiabat ic  f l o w .  

f 
0.5 

4 4  

0.3 

0.2. 

0.1 


0 


Fig. 26. 

Relation of f t o  current length of 
channel for  adiabat ic  f l o w  i n  t he  
p rec r i s i s  section. 

X 
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Fig. 27. 

Variation of n i n  and near t he  p rec r i s i s
section f o r  adiabatic f l o w .  

Y 

E g .  28. 

Velocity prof i les  i n  t h e  precr i s i s  
section. 



111ll11 I l l  I 

F and f are both d i f fe ren t  f’rom zero i n  the main section; there  
i s  a stepwise change i n  f or F at  the t r ans i t i on  fromthe i n i t i a l  sec
t i o n  (Fig. 30). 

The discontinuity i n  f or F leads (as i n  case I )  t o  a consider
able reduction i n  the length of t h e  i n i t i a l  section as compared with 

m.n 

0,14 
0.13 
0.12 
0.11 
0.10 
0.09 

0.08 

0.07 
0.06 

0.05 
0.04 

0.03 
q02 

0.01 
A 0 1 2 3 4 5  

Fig. 29. 


Relation of m and n t o  X fo r  t he  i n i t i a l  sec
t i o n  of channel: 2),  3), and 4 )  are fo r  m; SI),
111), and IV) are for  n. 2 )  and 11) are f o r  case 11; 
3 )  and 111) are for case 111; and 4)  and IV) are for  
case IT. 

experiment. 

The calculations on the  i n i t i a l  section need further refinement, 
but the  r e su l t s  already show tha t  substant ia l ly  d i f fe ren t  types of flow 
can occur there  i n  response t o  different  modes of in f lux  of heat. 

The derivatives o f t h e  form parameters are discontinuous, as 



are f and F, but t h e  t r ans i t i on  t o  t h e  main section i s  reasonably 
smooth i n  a l l  cases (Fig. SO), which indicates t h a t  a revised calculation 
for t h e  i n i t i a l  section would (a t  least i n  some cases) not lead t o  any 
substant ia l  change i n  t h e  veloci ty  and temperature as functions of X. 

Fig. 30. 

Relation of f and F t o  X:2), 3), and 4 )  
are f o r  f; II), 111), and IV) are f o r  F. 
2 )  and 11) are f o r  case 11; 3) and 111) 
are f o r  case 111; and 4 )  and IV) are for  
case IV. 

A t  some X = X (which varies from case t o  case) w e  find t h a t  f 
f 



Fig. 31. 

Relation of u and @ a t  channel

1 1 


ax i s  t o  X near the junction between 

t h e  i n i t i a l  and w i n  sections for  

case 111: 1) ul; 2) @

1
. 


Relation of n t o  X for  the  pre
crisis section: 

a )  case III; b) case IV. 



- 
beco es zero for  a l l  cases with heat t ransfer ;  calculations with m = n = 
- I& would then make f negative, so  flow i n  t h e  range X > X with m = 

f 
= n = l/7 would be inpossible. W e  must assume t h a t  f = 0 fo r  X > X

f 
. 

A difference from t h e  adiabat ic  case is  t h a t  various assumptions can 

Relation of  f/F t o  X: a )  case 11; 
b )  case 111; c )  case IV.  

be made about t h e  behavior of m and n for  X > X . It can be shown 
f 

t h a t  we cannot have m = n a t  t h e  c r i s i s  point and t h a t  m varies much 
more slowly than n near t h a t  point. On t h i s  basis t h e  p rec r i s i s  
section has been computed subject t o  t h e  simplifying assumption that 
n varies,  f = 0, and m remains constant. Figure 32 shows the  r e l a t ion  
of n t o  X fo r  t h e  p rec r i s i s  section, f'rom which w e  see t h a t  n i n  
these cases var ies  much as i n  adiabat ic  flow. 

The r e su l t s  show t h a t  Reynolds' analogy is  almost correct over 



I 

Fig. 34. 

Relation of u and u t o  X f o r  t h e  main 
m 1 

section: 2) ,  3 ) ,  and 4)  are for  u ; 
m 

II), 111), and IV) are f o r  u . 2)  and 
1 

11) are for case 11: 3) and 111) are for 
case 111; and 4 )  and IV) are for case IV. 

a f a i r l y  wide range ( i n  t h e  main sect ion of t h e  f l o w ) ;  but t h e  method 
does not a l l o w  us t o  es tab l i sh  prec ise ly  where t h i s  analogy begins t o  
fail .  



I 

159 

Relation of w a l l  temperature 0 
0’ 

stagnation temperature a t  ax is  O1, 

and mean stagnation temperature 0 
m 

t o  X f o r  t h e  main section: 

2)-4) o0j 11)-IV) O1; b)-d) @ ; 
m 

2), 11), and b )  case 11; 31, 1111,
and c )  case 111; 4), IV), and d )  
case IV. 

The following factors  may lead t o  f a i r l y  ear ly  failure of t h e  
analogy. H we 33 shows f/F as a function of X for  cases 11, 111, 
and IV; f/”F represents t h e  r a t i o  of t h e  curvatures of t h e  veloci ty  
and temperature prof i les  a t  t h e  axis, and it i s  c lear  t h a t  t h i s  r a t i o  
decreases continuously and i s  always less than one, so t h e  two p ro f i l e s  
a t  t h e  ax i s  are not similar i n  t h e  s t r i c t  sense even a t  t h e  very start 
of  t h e  main section. 

I 
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Fig. 36. 

Relation of 6 t o  X for  t h e  main part: 
2 )  case 11; 3 )  case III; 4 )  case IV. 

1)case I; 

The discrepancy increases with t h e  speed and ult imately causes 
t h e  two prof i les  t o  lack any s imi la r i ty  a t  a l l .  

Figure 34 shows t h e  velocity a t  t h e  ax i s  and t h e  mean velocity 
as f'unctions of X f o r  t h e  main part  f o r  cases 11, 111, and IV. 

Figure 35 shows t h e  re la t ion  of w a l l  temperature, stagnation 
temperature a t  axis, and mean stagnation temperature t o  X fo r  t h e  main 
par t  fo r  t h e  same cases. 

5 .  Coefficients of Resistance and Heat Transfer 

The computations for  the  i n i t i a l  and p rec r i s i s  sections need re
finement, so I give results only fo r  t h e  main section. 

Figure 36 shows t h a t  i n  a l l  cases does not vary grea t ly  within 
t h e  main section, but t h e  mode of var ia t ion differs from one case to 
another. The differences cannot be explained so le ly  i n  terms of d i f 
ferences i n  R e  and M; t h e  d i f fe ren t  modes  of in f lux  of heat play a 
major par t .  

Reynolds' analogy applies t o  t h e  main sect ion (our basic assump
t ion) ,  so t h e  heat-transfer coefficient varies the re  i n  t h e  same manner 
as t h e  resis tance coeff ic ient .  
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C ONCLUSIONS 

Calculations on turbulent gas flows i n  channels i n  t h e  presence 
of heat t r ans fe r  are very complicated; great d i f f i c u l t i e s  arise i n  
obtaining p rac t i ca l  solutions even i n  the  simplest cases, because the  
theory of turbulence i s  far from being completely worked out. Pract ical  
requirements demand su i tab le  approximate methods. 

One of these i s  t h e  semiempirical method long used i n  hydrodynamics; 
i t s  basis  i s  t h a t  experimental evidence obtained over a r e s t r i c t ed  range 
of conditions can throw l igh t  on t h e  e f fec ts  o f t h o s e  conditions over 
a wider  range. 

Here I have t r i e d  t o  develop a semiempirical method of calculat
ing subsonic flows i n  pipes subject t o  an a r b i t r a r y  inf lux  of heat 
through t h e  wall. 

The following experimental evidence i s  used: 

1. The form parameter for  t he  veloci ty  p ro f i l e  has a clear-
cut r e l a t ion  t o  Re for  f a i r l y  low subsonic speeds i n  t h e  absence of 
heat t ransfer ;  i n  par t icu lar ,  t h i s  parameter i s  constant fo r  Re < lo5. 

2. Reynolds' analogy appl ies  f o r  a cer ta in  range of varia
t i o n  i n  t h e  conditions a t  t h e  wall. 

3. The thickness of t h e  viscous sublayer i s  given by 
ug6/v 	= Resin t h e  absence of heat t ransfer ;  here R e  i s  the  turbulence 

8 

constant. It i s  assumed t h a t  Re
6 

remains unchanged i n  the  presence of 

heat t ransfer ,  provided t h a t  some mean value is  taken fo r  t h e  v iscos i ty  
of t h e  sublayer. 

This method may be extended: we  may replace Reynolds' analogy 
by t h e  assumption t h a t  there  i s  a de f in i t e  r e l a t ion  between t h e  para
meters fo r  t he  velocity and temperature prof i les .  

Some of t h e  assumptions made i n  t h e  deduction of t he  equations 
are not essent ia l ;  f o r  instance, t h e  r e l a t ion  of v i scos i ty  t o  tem
perature m y  be taken as p = CTB or p = f ( T )  instead of p = TB. I n  
addition, it would be possible t o  take account of t h e  deviation from 
t h e  turbulent p ro f i l e  i n  t h e  sublayer i n  deducing t h e  mean speed and 
temperature. 

I n  every case t h e  problem amounts t o  integrat ion of a system 
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with unknown veloci ty  and temperature a t  t h e  axis and with two fora  
parameters. The equations are quasil inear i n  t h e  derivatives.  

Calculations fo r  R e  < 105 have shown t h a t  t h e  flow i n  a 
channel can be divided i n t o  three  par t s :  i n i t i a l  (curvature of pro
fi les a t  t h e  ax is  zero), main (form factors  a r e  t h e  same and constant) ,  
and p rec r i s i s  (form a c t o r s  cannot be constant) .  

The most r e l i a b l e  r e su l t s  a r e  obtained f o r  t h e  main par t .  More 
precise  calculations a r e  needed fo r  t h e  other par ts .  

The method i s  based on t h e  assumption t h a t  t h e  boundary-layer 
equations apply everywhere i n  the  channel. 

There i s  no especial  doubt over t h i s  fo r  t h e  i n i t i a l  part (ex
cept fo r  X very small), s o  t h e  calculation fo r  t h i s  pa r t  may be refined 
within t h e  framework of boundary-layer theory; but there  a r e  great 
d i f f i c u l t i e s  over t he  p rec r i s i s  par t .  

The longitudinal veloci ty  increases very rapidly near t he  
c r i s i s  point (except i n  an area near t h e  wall), s o  t h e  corresponding 
s t resses  must be incorporated i n  the  equations of motion, although 
it i s  d i f f i c u l t  t o  say much about these fo r  t h e  case of turbulent flow 
a t  present. The very rapid f a l l  i n  pressure i n  t h i s  par t  requires a 
correction for t he  e f fec t  o f t h e  pressure gradient on the  veloci ty  
p ro f i l e  i n  t h e  sublayer*. I n  addition, it i s  hardly possible t o  con
s i d e r  t h e  pressure independent of t he  t ransverse coordinate near t he  
c r i s i s  point [6]. 

This a l l  indicates  t h a t  we should accept only with reserve t h e  
conclusions derived by the  usual methods of boundary-layer theory for 
t h e  p rec r i s i s  pa r t .  

The length of t h i s  par t  i s  not very large r e l a t ive  t o  t h a t  of 
t he  main part, s o  a refined calculat ion fo r  it i s  hardly t o  be reckoned 
of great p rac t i ca l  value. 

*Calculations show t h a t  dp/dx has l i t t l e  e f fec t  on t h e  veloci ty  p ro f i l e  
i n  t h e  sublayer i n  t h e  main part .  



&PPENDIX I 

JUSTIFICATION FOR THE OPERATIONS ON SERIES I N  CHAPTER I1 

The term-by-term integrat ion and d i f fe ren t ia t ion  i n  chapter I1 
can be j u s t i f i e d  i f  we can show tha t  t he  se r i e s  a f t e r  integrat ion or 
di f fe ren t ia t ion  i n  t h i s  way converge uniformly. 

Proof of  uniform convergence is  given by use of Weierstrass's 
t e s t .  

The se r i e s  

u2 u4 2 4 
1 + - + - + ... = 1 -I-v + v + ... 

0 02 

converges uniformly, because V -< 
'1 

V
l c r  

< 1, s o  the  sums of t h e  se r i e s  

of (2.48), (2.49), and (2.50) a r e  respectively I
1' 

12,and I3' 

The se r i e s  fo r  u i d  have the  general term 

For any j < 0 

< (k + l ) ( k  + 2)  ...(k + l j l -1)  *(k + l j l  - 1)lj 1-1 
? 
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so f o r  0 y 1and 0 / 0  1w e  have 
1 0  

s o  w e  can find an N such that fo r  a l l  k 2 N we have, by v i r tue  of t he  
bounds t o  u and @ , tha t  

1 0 

and so fo r  k * N t h a t  

which demonstrates the uniform convergence of the se r i e s  f o r  ui$ for  
O S y ( 1 .  

Consider t h e  series obtained i n  section 10 a f t e r  d i f fe ren t ia t ing  
I , and I3 with respect t o  z1’ z2, z3, 24, and 00; here 0 y 1 

and 0 2 0 so
1’ 



and so for k > 1t h e  general  terms of  t h e  se r i e s  for aI,/az 

w i l l  be 
1 ( 1  = l,2,3) 

convergent, which implies uniform convergence for  t h e  se r i e s  f o r
a1t/azl. 

Consider now the  se r i e s  for a W ) / a Z  
k 
(k = 2, 3 ,  4) and f o r  

a1( i 9 j ) / a @  . 
0 

Uniform convergence i n  t h e  se r i e s  for  a d i , j  )/az2 i s  demonstrated 

by t h e  observation tha t ,  apart from a bounded mult ipl ier ,  t he  general 
term i s  

A ( z ) =  
2 

9 
k 2  

( i z  + kz
4 

+ 1) 
Z 

and so 
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Now z p  < 1; the method used t o  demonstrate the convergence 
0 

of the  series for u i d  shows t h a t  t h e  series f o r  aI(iJJ)/az2 for z2 > 0 

converges uniformly. Uniform convergence of t h e  se r i e s  for  a ( i j j  )/az4 

i s  demonstrated i n  t h e  same m y .  

Since 0 2 1and V < 1, 
0 1 

s o  it i s  easy t o  show t h a t  t h e  series for a1( i , j)/az and a I ( i , j  1/80 
3 0 

converge uniformly. 

mere remain t h e  series a1 
t
/az 

k ( = 1, 2, 3; k = 2, 3, 4 )  

and aI l /a@ ( 1 = 1, 2, 3). The proofs i n  a l l  cases are analogous. For
0 

instance, the uniform convergence of aIt/az 
2 i s  demonstrated as fo l 

l o w s ;  t h i s  series consists of terms of t h e  form a1( i y j)/az2. 

Now 

so  *om the theorem on t h e  mean 



i n  which a i s  not dependent on z so 
2’ 

since z > 0 and 0 . Also, V 5 V < 1and 0 i s  bounded, s o  
2 1 1 l c r  1 

the  series f o r  t h e  aI,/az 
2 

converge uniformly. 



APPENDIX I1 

ESTIMATE OF THE ERRORS A l U S I N G  FROM APPROXIMATE CAICULATION 
OF THE INTEGRAIS I N  C H A p T m  I1 AND 111. 

Integra ls  I , I , and I3 (chapter I1) and I 
u 
, I 

uu 
, Io, and 1 

U@1 2 

(chapter 11) were calculated on t h e  assumption t h a t  power-law p ro f i l e s  
can be used r igh t  out t o  t h e  w a l l ;  no account was taken of t h e  d i f 
ference between power-law and l i nea r  prof i les .  We show here t h a t  t he  
resu l t ing  errors  a r e  small. For s implici ty  we consider only t h e  
case of adiabat ic  flow with t h e  velocity p ro f i l e  given i n  the  form 
(see chapter I11) 

n 
U = U  H .

1 

With allowance for  t h e  sublayer, t he  p ro f i l e  may be put i n  the  
form 

n-1 
( u I H ~  H, 0 * H H , 

u =  6 

tul$, H * H * 1. 
6 

I
W e  denote by I: and I, t h e  in tegra ls  analogous t o  I and I 

U uu 

but calculated with allowance f o r  the  sublayer. We have 



whence 

Similarly we have 

2 
I‘ = 1 [l - j (1- n)H2n+1] 
uu uu 6 

Then I and 1 differ  flrom I’ and I’ by quant i t ies  *ose order of 
U uu U uu 

smallness is not less than t h a t  of H . 
6 

The difference i n  t h e  derivatives with respect t o  u i s  of t h e  
1 

same order ,because 

I n  section 6 of  chapter 111we found tha t  





Tables of Gas-ByLlamic Fractions for Air (k = 1.4) 

-
% T II Y X M 

2135 793 

530 107 

233 250 
1-70354 

0.00 1.0000 1.0000 0.0000 0.0000 03 0.0000 

0.01 1.0000 0 9999 0.0158 0.0158 8562.105 0.00g1 

0.02 0 9999 0 9998 0.0315 0.0316 0.0183 
0.03 0.9999 0 9995 0.0473 0.0473 946.116 0.0274 
0.04 0 9997 0 9990 0.0631 0.0631 0.0365 

0.05 0 9996 0.9986 0.0788 0.0789 337.665 0.0457 
0.06 0 9994 0 9979 om45 0.0947 0.0548 
0.07 0 9992 0 9971 o.ll02 0.u05 0.0639 
0.08 0 9 9989 0 9963 0.1259 0.1263 129.534 0.0731 
0.og 0 9987 0 9953 0.1415 0.1422 101.711 0.0822 

817530.10 0 9983 0.9942 0.1571 0.1580 0.0914 
0.11 0.9980 0 9929 0.1726 0 1739 67.039 0.1005 
0.12 0 9976 0.9916 0.1882 0.1897 55.876 0.1097 
0.13 0 9972 o.ggo1 0.2036 0.2056 47.220 o.llg0 

0.14 0 9967 0.9886 0.2190 0.2216 40.354 0.3280 

0.15 0.9963 0.9870 0.2344 0.2375 34.833 0.1372 
0.16 0.9957 Q. 9851 0.2497 0.2535 30-333 0.1460 

s.17 0 9952 0.9832 0.2649 0.2695 26.614 0.1560 
0.18 0.9946 0.9812 0.2801 0.2855 23.508 0.1650 
0.19 0.9940 0.9791 0.2952 0.3015 20.892 0.1740 

[Table continued ne& page] 
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[Tabl e  continued ] 

M* 7 
-
0.20 0 9933 
0.21 0.9927 
0.22 0 9919 
0.23 0.9912 
0.24 0.9904 

0.25 0.9896 
0.26 0.9887 
0.27 0 9879 
0.28 0.9869 
0.29 0.9860 

0.30 0.9850 
0.31 0.9840 
0.32 0.9829 
0.33 0.9819 
0.34 0.9807 

0.35 0 9796 
0.36 0.9784 

0.37 0 9772 
0.38 0 9759 
0.39 0.9747 

0.40 0 9733 
0.41 0.9720 
0.42 0 9706 
0.43 0.9692 
0.44 0 9677 

n g Y X M 

0.9768 0.3102 0.3176 18.665 0.1830 
0 9745 0.3252 0 3337 16.761 0.1920 
0.9720 0.3401 0 3499 15.110 0.2020 

0 9695 0.3549 0.3660 13.678 0.2109 
0.9668 0.3696 0,3823 12.431 0.2202 

0.9640 0.3842 8 3985 11.336 0.2290 
0.9611 0 3987 0.4148 10.366 0.2387 
0.9581 0.4131 0.4311 9 514 0.2480 
0.9550 0.4274 0.4475 8.753 0 2573 
0.9518 0.4416 0.4640 8.068 0.2670 

0.9485 0.4557 0.4804 7.458 0.2760 
0.9451 0 4697 0.4970 6 -913 0.2850 
0.9415 0.4835 0.5135 6.416 0.2947 
0 9379 0.4972 0.5302 5 -969 0.3040 
0.9342 0.5109 0.5&9 5 565 0.3134 

0.9303 0.5243 0.5636 5 196 0.3228 

0.9265 0 5377 0.5804 4.861 0.3322 
0.9224 0.5509 0 5973 4.556 0.3417 
0.9183 0.5640 0.6142 4.276 0.3511 
0.9141 0.5769 0.6312 4.020 0.3606 

0 9097 0.5897 0.6482 3 785 0.3701 
0 9053 0.6024 0.6654 3.602 0 3796 
0.9008 0.6149 0.6826 39 417 0.3892 
0.8962 0.6272 0.6998 3 233 0 3987 
0.8915 0.6394 0.7172 3.048 0.4083 

[Table continued next page] 
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[Table continued] 

M* 7 

- . 

0.45 0.9663 

0.46 0.9647 

0.47 0.9632 

0.48 0.9616 

0.49 0.9600 


0.50 0 9583 
0.51 0 9567 
0.52 0 * 9549 
0.53 0 9532 
0.54 0.9514 

0.55 0.9496 

0.56 0 9477 
0.57 0 9459 
0.58 0.9439 
0.59 0.9420 

0.60 0.9400 

0.61 0.9380 
0.62 0 9359 
0.63 0.9339 
0.64 0 9317 

0.65 0.9296 

0.66 0.9274 

0.67 0.9252 

0.68 0.9229 

0.69 0.9207 


2 365 

- --

n g Y X M 
.. - . - .  - .~ = 

0.8868 0.6515 0 7346 2.864 0.4179 
0.8819 0.6633 0.7521 2-739 0.4275 
0.8770 0.6750 0 7697 2.614 0.4372 
0.8719 0.6865 0.7874 2.490 0.4468 
0.8668 0 6979 0.8052 0.4565 

0.8616 0.7091 0.8230 2.240 0.4663 
0.8563 0.7201 0.8409 2.154 0.4760 
0.8509 0 7309 0.8590 2.068 0.4858 
0.8455 0.7416 0.8771 1.981 0.4956 
0.8400 0.7520 0 8953 1-895 0.5054 

0.8344 0.7623 0.9136 1.809 0.5152 

0.8287 0.7724 0.9321 1.748 0.5251 
0.8230 0.7823 0.9506 1.687 0.5350 
0.8172 0.7920 0.9692 1.627 0.5450 
0.8112 0.8015 0.9880 1.566 0.5549 

0.8053 0.8109 1.0069 1.505 0.5649 
0 7992 0.8198 1.0258 1.462 0 5750 
0.7932 0.8288 1.0449 1.419 0.5850 
0.7870 0.8375 1.0641 1.376 0,5951. 
0.7808 0.8459 1.0842 1 333 0.6053 

0.7745 0.8543 1.1030 1.290 0.6154 
0.7681 0.8623 1.1226 1.260 0.6256 
0.7617 0.8701 1.1423 1.229 0.6359 
0.7553 0.8778 1.1622 1.199 0.6461 
0.7488 0.8852 1.1822 1.168 0.6565 

[Table continued next page] 
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[Table continued] 

M* r II 

0.70 0.9183 0.7422 

0.71 0.9160 0.7356 

0.72 0.9136 0.7289 

0.73 0.9112 0,7221 

0.74 0.9087 0.7154 


0.75 0 9063 0.7086 
0.76 0 9037 0.7017 
0.77 0.9012 0.6948 
0.78 0.8986 0.6878 
0.79 0.8960 0.6809 

0.80 0.8933 0.6738 

0.81 0.8907 0.6668 

0.82 0.8879 0.6597 

0.83 0.8852 0.6526 

0.84 0.8824 0.6454 


0.85 0.8796 0.6382 

0.86 0.8767 0.6310 

0.87 0.8739 0.6238 

0.88 0.8709 0.6165 

0.89 0.8680 0.6092 


0.90 0.8650 0.6019 

0.91 0.8620 0.5946 

0.92 0.8589 0.5873 
0.93 0 8559 0.5800 
0.94 0.8527 0.5726 

Y X 


0.8924 1.2024 1.138 

0 ‘8993 1.2227 1.117 
0.9061 1.2431 1.095 
0.9126 1.2637 1.074 
0.9189 1.2845 1.052 

0.9250 1.3054 1.031 
0.9308 1.3265 1.016 
0.9364 1.3478 1.001 

0.9418 1.3692 r). 987 
0.9469 1.3908 0.972 

0.9518 1.4126 0.957 

0.9565 1.4346 0.947 

0.9610 1.4567 0.937 

0.9652 1.4790 0.928 

3.9691 1.5016 0.918 


3 9729 1.5243 0.908 
3.9764 1.5473 0.902 
3.9796 1.5704 0.896 
3.9826 1.5938 0.889 
3.9854 1.6174 0.883 

199879 1.6412 0.877 
I. 9902 1.6652 0.874 
1.9923 1.6895 0.871 
I. 9941 1.7140 0.868 

1.738% 0.8651 9957 

M 


0.6668 

0.6772 

0.6876 

0.6981 

0.7086 


0.7192 

0.7298 

0.7404 

0.7511 

0~619 


0 -7727 
0.7835 
0.7944 
0.8053 
0.8163 

0.8274 

0.8384 

0.8496 

0.8608 

0.8721 


0.8833 
0.8947 
0.9062 
0 -9177 
0.9292 

[Table continued next page] 
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[Table continued ] 

- - - -
M* 7 Y X M 

-- .- - _-__ - .- - - _ _  

0.95 0.8496 0.5653 0 9970 1.7638 0.862 0.9409 
0.96 0.8464 0.5579 0.9981 1.7891 0.861 0.9526 
0.97 0.8432 0.5505 0.9989 1.8146 0.860 0.9644 
0.98 0.8399 0.5431 0.9953 1.8404 0.859 0.9761 
0.99 0.8367 0.5357 0 9999 1.8665 0.858 0.9880 

1.00 0.8333 0.5283 1.0000 1.8929 0 857 1.0000 
1.01 0.8300 0.5209 0 * 9999 1* 9195 0.858 1.0120 

1.02 0.8266 0.5135 0.9995 1.9464 0.859 1.0241 
1.03 0.8232 0.5061 0.9989 1.9737 0.859 1.0363 
1.04 0.8197 0.4987 0.9980 2.0013 0.860 1.0486 

1.05 0.8163 0.4913 0 9969 2.0291 0.861 1.0609 
1.06 0.8127 0.4840 0.9957 2.0573 0.863 1-0733 
1.07 0.8092 0.4766 0.9941 2.0858 0.865 1.0858 
1.08 0.8056 0.4693 0.9924 2.1147 0.868 1.0985 
1.09 0.8020 0.4619 0 -9903 2.1439 0.870 1.1111 

1.10 0.7983 0.4546 0.9880 2.1734 0.872 1.1239 

1.11 0.7947 0.4473 0.9856 2.2034 0.875 1.1367 

1.12 0.7909 0.4400 0.9829 2.2337 0.878 1.1496 

1.13 0.7872 0.4328 0.9800 2.2643 0.882 1.1627 

1.14 0.7834 0.4255 0.9768 2.2954 0.885 L.  1758 

1.15 0.7796 0.4184 0 -9735 2.3269 0.888 1.1890 
1.16 0 *7757 0.4111 0.9698 2.3588 0.892 1.2023 
1.17 0 7719 0.4040 0.9659 2.3911 0.896 1.2157 
1.18 0.7679 0 3969 0.9620 2.4238 0.900 1.2292 
1.19 0.7640 0.3898 0.9577 2.4570 0.904 1.2428 

[Table continued iext page] 
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[Table continued] 

M* 7 n 

1.20 0.7600 0.3827 
1.21 0.7560 0 3757 
1.22 0 7519 0.3687 
1.23 0.7478 0.3617 
1.24 0 7437 0.3548 

1.25 0 7396 0 3479 
1.26 0 7354 0.3411 
1.27 0.7312 0.3343 
1.28 0.7269 0 3275 
1.29 0.7227 0.3208 


1.30 0,7183 0.3142 

1.31 3.7140 0.3075 

1.32 3.7096 0.3010 

1.33 3.7052 0.2945 

1.34 3.7007 0.2880 


1.35 3.6962 0.2816 

1.36 3.6917 0 2753 
1-37 3.6872 0.2690 

1.38 3.6826 0.2628 

1.39 3.6780 0.2566 


1.40 3 6733 0.2505 

1.41 3.6687 0.2445 

1.42 3.6639 0.2385 

1.43 I.6592 0.2326 

1.44 I. 6544 0.2267 

~ 

2 5593 

1 3558 

1 033 
1 039 

Y X M 

0 9531 2.4906 0.908 1.2566 
0.9484 2.5247 0.913 1.2708 
0.9435 0 917 1.2843 
0.9384 2.5944 0.922 1.2974 
0 9331 2.6300 0.926 1.3126 

0 9275 2.6660 0.931. 1.3268 
0.9217 2.7026 0 936 1.3413 
0 * 9159 2.7398 0.941 
0.9096 2 7775 0.947 1.3705 
0.9033 2.8158 0.952 1.3853 

0.8969 2.8547 0.957 1.4002 
0.8901 2.8941 0.963 1.4153 
0,8831 2.2343 0.968 1.4305 
0.8761 2.9750 0.974 1.4458 
0.8688 3.0164 0 979 1.4613 

0.8614 3.0586 0.985 1.4769 
0.8538 3.1013 0.991 1.4927 
0.8459 7.1448 0.997 1.5087 
0.8380 3.1889 1.002 1.5248 
0.8299 3.2340 1.008 1.5410 

0.8216 3.2798 1.014 1.5575 
0.8131 3.3263 1.020 1.5741 
0.8046 3 3737 1.026 1.5909 
3 7958 3.4219 1.6078 
3.7869 3.4710 1.6250 

[Table continued next page] 



[Tabl e  conkinued ] 

-. - -

M* 7 II g Y X M 
~ _ _  ~~ -__ __ 

1.45 0.6496 0.2209 0 7778 3.5211 1.045 1.6423 
1.46 0.6447 0.2152 0.7687 3.5720 1.051 1.6598 
1.47 0.6398 0.2095 0 7593 3.6240 1 057 1.6776 
1.48 0.6349 0.2040 0 7499 3.6768 1.064 1.6955 
1.49 0.6300 0.1985 0.7404 3 7308 1.070 1.7137 

1.50 0.6250 0.1930 0.7307 3.7858 1.076 1.7321 
1.51 0.6200 0.1876 0.7209 3.8418 1.082 1.7506 
1.52 0.6149 0.1824 0.7110 3* 8990 1.089 1.7694 
1.53 0.6099 0.1771 0.7009 3 9574 1 095 1.7885 
1.54 0.6047 0.1720 0.6909 4.0172 1.102 1.8078 

1-55 0 * 5996 0.1669 0.6807 4.0778 1.108 1.8273 
1.56 0.5944 0.1619 0.6703 4.1398 1.114 1.8471 

1.57 3.5892 0.1570 0.6599 4.2034 1.121 1.%72 

1.58 3.5839 0.1522 0.6494 4.2680 1.127 1.8875 

1.59 3.5786 0.1474 0.6389 4.3345 1.134 1.9081 


1.60 3 5733 0.1427 0.6282 4.4020 1.140 1.9290 
1.61 3.5680 0.1381 0.6175 4.4713 1.147 1.9501 

1.62 3.5626 0.1336 0.6067 4.5422 1 153 1.9716 
1.63 3 5572 0.1291 0 5958 4.6144 1.160 1.9934 
1.64 3.5517 0.1248 0.5850 4.6887 1.166 2.0155 

1.65 1 5463 0.1205 0.5740 4.7647 1-173 2.0380 
1.66 3.5407 0.1163 0.5630 4.8424 1.180 2.0607 
1.67 1 5352 0.1121 0.5520 4.9221 1.186 2.0839 
1.68 I. 5296 0.1081 3.5409 5 0037 1.193 2.1073 
1.69 I. 5240 0.1041 0.5298 5 0877 1 199 2.1313 

[Table continued next; page] 
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[Table continued ] 

M* rl 
-
1.70 0.5183 0.1003 

1.71 0.5126 0.0965 

1.72 0.5069 0.0928 

1.73 0.5012 0.0891 

1.74 0.4954 0.0856 


1.75 0.4896 0.0821 

1.76 0.4837 0.0787 

1.77 3.4779 0.0754 

1.78 3.4719 0.0722 

1.79 3.4660 0.0691 


1.80 3.4600 0.0660 
1.81 3 .  4540 0.0630 
1.82 I. 4479 0.0602 
1.83 1.4418 
1.84 1.4357 0.0546 


1.85 1.4296 0.0520 

1.86 1.4234 0.0494 
1.87 1.4172 0.0469 
1.88 ) .4109 0.0445 
1.89 1.4047 0.0422 


0 0573 

1.90 1.3983 0 0399 
1.91 I. 3920 
1.92 1.3856 0.0356 


0 0377 

1.93 1.3792 0.0336 

1.94 1.3727 0.0316 


0.5187 

0 5075 

0.4965 

0.4852 

0.4741 


0.4630 

0.452 

0.4407 

0.4296 

0.4185 


0.4075 

0.3965 

0.3855 

0.3746 

0.3638 


0.3530 

0.3423 

0.3316 

0.3211 


0.3105 


0.3002 

0.2898 


0 2797 
0.2695 
0.2596 1 

1 239 

Y X M 

5 1735 1.205 2.1555 
5.3167 1.213 2.1802 
5 3520 1.219 2.2053 
5.4449 1.226 2.2308 
5 5403 1.232 2.2567 

5 6383 2.2831 
5.7390 1.246 2.3100 
5.8427 1.252 2.3374 
5.9495 1.259 2.3653 
5 0593 1.265 2 3937 

3.1723 1.272 2,4227 
5.2893 1.279 2.4523 
3.4091 1.285 2.4824 
j .  5335 1.292 2.5132 

;.6607 1.298 2.5449 

;.7934 1.305 2.5766 
i .9298 1.312 2.6094 
'.0707 1.318 2.6429 
I .  2162 1 325 2.6772 

I .  3673 1.331 2.7123 

1 338'.5243 2.7481 
,.6858 1.344 2.7849 
' .8540 1.351 2.8225 
0289 1.357 2.8612 

8.2098 1.364 2.9007 
[Table continued next page] 
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1-95 0.3662 

1.96 0.3597 

1.97 0.3532 

1.98 0.3466 

1.99 0.3400 


2.00 0.3333 

2.01 0.3267 

2.02 0* 3199 
2.03 0.3132 
2.04 0.3064 


2.05 0.2996 

2.06 0.2927 

2.07 0.2859 

2.08 0.2789 

2.09 0.2720 


2.10 0.2650 

2.11 0.2580 

2.12 0.2509 

2.13 0.2439 

2.14 0.2367 


2.15 0.2296 

2.16 0.2224 

2.17 0.2152 


2.18 0.2079 

2.19 0.2006 


-- .  

0 0735 

n g Y X M 
-. - . .  ... 

~ 

0.0297 0.2497 8 3985 1* 370 2.9414 
0.0279 0.2400 8.5943 1.376 2.9831 
0.0262 0.2304 8.7984 

1 9  383 3.0301 
0.0245 0.2209 9.0112 1.389 3.0701 
0.0229 0.2116 9.2329 1.396 3 1155 

0.0214 0.2024 9.464 1.402 3.1622 
0.0199 0.1934 9.706 1.408 3.2104 
0.0185 0.1845 9.961 1.415 3.2603 
0.0172 0.1758 10.224 1.421 3* 3113 
0.0159 0.1672 io.502 1.428 3.3642 

0.0147 0.1588 10.794 1.434 3.4190 
0.0136 0.1507 11.102 1.440 3 4759 
0.0125 0.1427 11.422 1.447 3 5343 
0.0115 0.1348 11.762 1.453 3.5951 
0.0105 0.1272 12.121 1.460 3.6583 

0.0096 0.1198 12.500 1.466 3.7240 
0.0087 0.1125 12.go1 1.472 3 7922 
0.0079 0.1055 13.326 1.479 3.8633 
0.0072 0.0986 13.778 1.485 3.9376 
0.0065 0.0921 14.259 1.492 4.0150 

0.0058 0.0857 14.772 1.498 4.0961 
0.0052 0 0795 15-319 1.504 4.1791 
0.0046 15.906 1.510 4.2702 
0.0041 0.0678 16.537 1.517 4.3642 
0.0036 3.0623 17.218 1.523 4.4633 

[Table continued next page] 
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7 

M3c 


2.20 0 1933 

2.21 0.1860 

2.22 0.1786 

2.23 0.1712 

2.24 0.1637 


2.25 0.1563 

2.26 0.1487 

2.27 0.1412 

2.28 0.1336 

2.29 0.1260 


2.30 0,1183 

2.31 0.1106 


2.32 0.1029 

2.33 0.0952 

2.34 0.0874 


2.35 0.0796 

2.36 0.0717 

2037 0.0638 

2.38 0.0559 

2.39 0.0480 


2.40 0.0400 

2.41 0.0320 


2.42 0.0239 


2.43 0.0158 

2.44 0.0077 

2.449 0 


n 

0.0032 

0.0028 

0.0024 

0.0021 


0.0018 


0.00151 


0.00127 

0.00106 

0.00087 

0.00071 


0.00057 

0.00045 

0.00035 


0.00027 

0.00020 


0.00014 

0.988 loe4 
0.657

0.413 loe4 
0.242 

0.128 lom4 

0.584


0.211-10-5 

0.499 

0.316 
0 


g Y X M 

0.0570 17 949 1.529 4.5674 

0.0520 18.742 1.535 4.6778 

0.0472 19.607 1.541 4.7954 

0.0427 20.548 1 547 4.9201 

0.0384 22.983 1.553 5 0533 


0.0343 22.712 1-559 5 1958 

0.0304 23.968 1.565 5 3494 

0.0268 25.361 1* 571 5 5147 

0.0254 26.893 1.578 5.6940 

0.0204 28.669 1.584 5.8891 


0.0175 30.658 1 590 6.1033 

0.0148 32.937 1 596 

3.0124 35.551 1.602 6.6008 

3.0103 38.606 1.608 

3.0083 42.233 1.614 7.2254 


6 3399 

6 8935 

3.0063 46.593 1.620 7-6053 

3.0051 51.914 1.626 8.0450 

3.0038 58 569 L,632 8.5619 

3.0028 57.144 1.638 9.1882 

I.0019 78.613 L.644 9.9624 

I. 0012 34 703 L. 650 10 957 

1.0007 ~8.94 t.656 L2.306 

1.0003 j9.65 t.661 ~4.287 


).OOOl 12.16 -.667 -7.631 
).58*1G4j9.16 ~.672 25.367 

1 ..678 
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